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1 Lecture 1 — Introduction

1.1 Brief Overview of the Course

This course is an invitation to differential equations. What is a differential equation? Broadly
speaking, it is an equation that relates functions to their derivatives. A lot of the differential
equations that we study comes from physics, and our main techniques to understand these equations
are linear algebra and multivariable calculus.

Ordinary Differential Equations

A standard topic in introductory physics is radioactive decay, where the associated differential
equation is

AN
—~ — kN
dt

for some constant k. The solution is well-known; it is
N(t) = e ¥ N.

There are a lot more physical solutions of this form. For example, the change in density as height

varies is given by
dp gM

dy ~  RT"
All these differential equations are of first degree. One can ask for the solution to higher-degree
equations. For example, Hooke’s Law for an isolated frictionless body can be described by

Pz,
ﬁ——w Z.

Here the solution is well-known too; it is
z(t) = Acos(wt + ¢p).

A large part of the course is to study these kinds of equations, called ordinary differential equations
(ODEs). We will start with ODEs having constant coefficients. In fact, we generalize and study
the higher dimensional version of it, for it is unreasonable for us to only work in one dimension
in physics. One obvious example is modeling the oscillations of a bridge. To do this we will need
to apply techniques from linear algebra, most notably the concept of eigenvalues and eigenvectors.
This will be our starting point after some warmup with one-dimensional ODEs.

There are also numerous famous ODEs that are not linear. For example, vertical upward
movement with resistance in liquids can be modeled by

dv c
i 1— 2
a < ngm" >

v(t) =4/ HIT 4 anh \/ Hacy
c m

Another example is Newton’s Law of Gravitation:

GM _
DECIG

and the solution to this equation is

2'(t) =

4



Yet another example is the predator-prey model, given by

d
R
dy
= = §zy — vy.
o = 0Ty =Y

We will study how to solve these kinds of ODEs, or quantitatively sketch solutions to them if
an explicit solutions cannot be easily found (for example, how to analyze equilibrium points and
linearize the ODEs near these points). In fact, understanding the mathematics behind Newton’s
Law of Gravitation is the extra credit assignment; see subsection 21.11.

Example 1.1. Let us illustrate what we mean by “solving ODEs” and “sketching solutions quan-
titatively” using the following system of differential equations

() =—yt), YO ==z(), x(t)=20,  ylto) =0

We will develop techniques to solve these kinds of equations; right now this example is just to let
you have a feel for the kind of stuff we will do.
Let us solve this equation. Writing #Z(t) = (x(¢), y(t)), one can rewrite our equations as

F0=|) o] F0. F = w0

Letting A be the matrix above, the solution to this equation is

20 =120 = [Tt ety | ] = ot + ot

In this example it is not hard to observe that #(t) is actually a circle: writing 72 = 22 + 33, one
sees that

(x()? + (y(1)* = r*.
Of course, it is not this easy to understand the behavior of most solutions to our differential

equations by staring at the explicit solution in this course, so we need to develop another technique.
For this we write down the vector field

U(xa y) = (-y, J})

associated to our system of differential equations, and observe that ¥ (z,y) = (x,v) is conservative
with associated function f(z,y) = (z? + 3?)/2 satisfying

Vi(z,y) =3 (),
—f@(),y(t) = V(z,y) - F(z,y) = 0.
Hence the unique solution 2 () must satisfy f(Z(t)) = ¢ for some constant ¢, and substituting the
initial condition tells us ¢ = (22 + v3)/2.

It is hard to solve ODEs, and we really only have a good general theory for linear ODEs (which
is the main topic for this course). In real life it is not realistic to assume that our coefficients in
our ODEs will always be constant. For example, the spring constant may decrease with time as
the spring weakens. We will also study ODEs with varying coefficients, paying special attention to
the case of second order ODEs. We resist giving an example in this introduction.



Calculus of Variations

In the exact sciences it is important for us to know how to minimize and maximize functions subject
to constraints. It is not surprising that this is related to differential equations. A standard example
is to find f : [0,1] — R such that f(0) =0 and f(1) =1 and such that the arc length

T

is minimized. We will see how the line must be the straight line from (0,0) to (1, 1), agreeing with
intuition. Another example is to find a frictionless surface such that a ball rolls off of it the fastest,
and this is the Brachistochrone problem. In the last bit of the course we will talk about how to
maximize or minimize such functions, using something called the Euler-Lagrange Equation.

Not in Math 240: Laplace Transforms

The theory of Laplace transforms is another method of solving ODEs. This is an important tool
in analysis, much like the theory of Fourier transform which you may know. Unfortunately, we will
not be able to study Laplace transforms and how it comes into play when solving ODEs.

An application of this theory is to derive the solution to the impulse forcing differential equation,
which is the mathematical description of a harmonic oscillator being struck by a hammer at a
certain time. The linear algebraic method that we have briefly illustrated in the previous example
is unsuitable for this case as the striking of the hammer is modeled by the Dirac Delta function,
which is not a function in the ordinary sense (rather, it is an example of what mathematicians call
a distribution).

Math 241: Partial Differential Equations

The above equations are all examples of ODEs. However, there are evidently lots of physical
equations where the variables have more than one dependencies. For example, the wave equation
is given by

0%u

ot?
Such equations are called partial differential equations (PDEs), and a lot of the techniques are very
similar to our analysis of ODEs, in particular Sturm-Liouville Theory. Unfortunately we will not
have time to study PDEs; this is left for Math 241.

= V.

1.2 Separable ODEs

Let us start the course with a warmup, which is to solve one-dimensional separable ODEs. This is
an equation of the form

fWy = g(x)

for continuous functions f and g. It is clear that we simply need to integrate both sides to get a

general solution, i.e. to carry out
[ 1wy = [ g(a)da.

Of course one has to check where the solution makes sense.



Example 1.2. Solving
t+xz' =0
tells us
x(t) = £V 2¢ — t2, —V2e <t < V2.
Giving us initial conditions will tell us how to choose the unique solution, if possible.

Example 1.3. Solving

tells us
z(t) = —In(—c — €', t <In(—c)
Again giving us initial conditions will tell us how to choose the unique solution, if possible. Let us

observe for this example that

li t) = oo.
o @(t) = oo

1.3 First Order Linear ODEs
This is a differential equation of the form
2'(t) = pt)x(t) +q(t),  w(to) = wo.
In order to solve for x(t) one simply consider the integrating factor e~ Jr)dt, Multiplying this
gives us

% (x(t)e— S p(t) dt) — g(t)e=Ir0
Integrating tells us .

z(t) = ePO=P0) g 4 PO [ =P)g(s) ds,
where P(t) is an antiderivative of p(t). ’

Remark. The condition x(tg) = xg is called the initial condition of the ODE (left ambiguous in
the above examples). In general, if we are given a differential equation without conditions, then the
solution we get is called the general solution since it depends on undetermined constants. Initial
conditions allow us to pinpoint which solution we pick among the family of general solution.

Example 1.4. Consider the ODE
tr' = —x + 12, z(1)=1

on the interval ¢ > 0. We divide throughout by ¢ to convert it into the form above:

P +t
=T+t
The integrating factor in this case is e! = ¢, and we need to solve
d 2
—(tx) =1~.
5 (%)
After integration, the general solution is
3 c
t) = — —
x(t) 5 + ;
If we substitute in (1) = 1, the solution is
32
x(t) = -+ 5.
(t) 3 3t



1.4 Bernoulli ODEs

A Bernoulli ODE can be seen as a generalization of a first order linear ODE, and is a differential
equation of the form

(1) = pO)2() + ¢ (1), n#0,L

(If n = 0,1 then this ODE reduces to a first order linear ODE.) To solve for z(t) one considers the
change of variables

transforming this ODE into

y'(t) = (L—=n)p)y(t) + (1 —n)q(t).

We can then solve for the general solution y(t) by an integrating factor, and z(t) = *"{/y(¢). If an
initial condition is given, then we can find the particular solution.

1.5 Ricatti ODEs
A Ricatti ODE is a differential equation of the form

2'(t) = p(t) + q(t)x(t) + r(t)2*(t).

We can solve this ODE if we have a particular solution x1(t), i.e. a function that satisfies the ODE
above. If this particular solution is found, we can consider the translation u(t) = z(t) — z1(¢).
Substituting this relation into the above ODE tells us that

u' — (q+ 2rzy)u—ru® =0,

which is a Bernoulli ODE with n = 2. Therefore, to solve a Ricatti ODE one considers the following
steps:

e Find a particular solution z1(t).

e Solve the Bernoulli ODE u/(t) = (q(t) + 2r(t)x1(t))u(t) + r(t)u?(t).

e The general solution will be z(t) = x1(t) + u(?).
We will study some other ODEs which can only be solved after finding a particular solution.

Example 1.5. Consider the ODE

T 562

/
r=2t——+4 —.
t + t3
We need to find a particular solution. Since the coefficients involves only powers of t, we guess a
solution of the form

x(t) = ct®.

Substituting this into the ODE tells us that « = 2 and ¢ = 1, 2, so we pick the particular solution
x1(t) = t2. The associated Bernoulli ODE is

1 1
/ 2
u = —u-+ —Zu”.
t + t3
To solve u(t) one considers the change of variables z = u! =2 = =1, transforming this ODE into
o 1 ; 1
ot



This is now a first order ODE; solving this gives

ct+1
Z(t) = 2
implying
2
ul) = 51
c

Thus the general solution to the original ODE is

t2

z(t) = z1(t) +u(t) = t* + T

1.6 Reduction of Order

Reduction of order is a technique where we introduce a new variable for the first derivative. This
will be an important idea throughout the course. We now demonstrate this via a simple example.

Example 1.6. Consider the equation

tz' — o' =13
If we let y = 2/, then the equation becomes

ty —y= 3.

This is a first order linear ODE, and its solution is

t3 C1
t — —_—
yt) =7+
Integrating y = 2’ tells us that
”
z(t) = % + c1 In(t) + ca.



2 Lecture 2 — Matrices

This is the first of three lectures giving a crash course in linear algebra. After these three lectures
we will introduce additional concepts in linear algebra that we need as we go along.

2.1 Row Echelon Form

The primary goal of introducing matrices in our course is to solve a system of linear equations

a1z + -+ apxy, = by,

a21x1 + -+ - + agpxTy = bo,

121 + -+ AT = by

We can arrange it in terms of matrices in two ways.

The first way is to write the coefficients as a m x (n + 1) array of numbers [A| g}, or more

explicitly
aiy -+ aig | b
as1 -+ Qg | bo
Am1 - Qmn bm

We can then try to solve this equation via row operations, which we explai_rbl in a bit.
The second way is to write it in terms of matrix multiplication AX = b, or more explicitly

air - a | |71 b1

am1 " OGmn Tn b

To make sense of the left-hand side we define matrix multiplication between an m x n matrix and an
n X 1 matrix in the obvious sense, such that the rows corresponds to our system of linear equations.
(We define a matrix to simply be an array of numbers; we will give it a deeper meaning next time.)
The general formula for matrix multiplication will be given later, and again in the next lecture.
Let us now concentrate on the first way of writing coefficients. Clearly, subtracting, scaling,
and adding rows with one another corresponds to solving equations, just like how you would in
high school. Recall we denoted A be the m x n array of a;;’s corresponding to the array of numbers

[A| E]
Definition 2.1. A matrix A is in row echelon form (REF) if
e rows with all zeros are below any row with nonzero entries,
e the nonzero leading coeflicient, or pivot of a row is strictly to the right of the nonzero leading
coefficient of the row above it.

In addition, if every nonzero leading coefficient of A equals 1, and every column containing a 1 has
zero in every other entry, then A is in reduced row echelon form (RREF).

Every matrix can be reduced to REF after performing a sequence of row operations. For
example, the left matrix below is in REF but not the right matrix.

25 80 5 8 0

2
00 320 0030
0 00O 0010

10



The REF for both matrices above are the same, and after performing more row operations their
RREF is

1 5/2 00
0 0 10
0 0 00

There exists a systematic way of computing REF and RREF using something called Gaussian
elimination, but this is quite obvious and will not be outlined here. The method is really what you
think it is.

Definition 2.2. The rank of A is the number of leading coefficients after performing REF.

Let us return to our system of equations {A[ b]. Such a systems always have zero, one, or

infinitely many solutions, and the way to determine this is by performing row operations until A is
in REF or RREF. The system has:
e 1o solutions if there are inconsistencies, i.e. if the last nonzero row after performing RREF is

[0 -~ 0|y], ~#0,

corresponding to 0 = 1;

e one solution if the system is consistent and there are no free variables, i.e. rank A equals the
number of columns of A;

e infinitely many solutions if the system is consistent and there are free variables, i.e. rank A
is less than the number of columns of A.

Example 2.3. Let us consider the system of equations

1 2 1|1 1 2 1|1
-2 -5 113 .], -2 -5 11]3.
3 5 0]1 | | 3 5 0)0
After REF, we obtain
1 2 1]1]] 1 2 11
01 3|5, 01 3|5
00 0|3 ] L0 0 010

There are no solutions for the first system, and for the second system

$3:t, $2:5—3t, .%'1:—9—5t.

2.2 Determinants and Invertible Matrices

We now restrict to the case where A is an n x n matrix. The situation is the same as before: we
want to solve a system of linear equations. The previous subsection tells us how to determine if
this systems has solutions. We now give a criteria to determine if the system has a unique solution.
To do this, we use the second way of thinking: writing the system of equations as AX = b.

Definition 2.4. The determinant of an n x n matrix A = (a;j) can be recursively defined as follow.
e If n =1, then det A = a1;.
o Ifn= 2, then det A = a110a929 — A12a927.
e If n > 2, then det A can be computed in one of two ways.

11



— Pick a row (aj1,...,aj,) of A, and let A; be the matrix after removing the 4t row and
ith column of A. Then

det A = Z(—l)j+iaji det AZ
=1

— Pick a column (aij,...,an;) of A, and let A; be the matrix after removing the ith row
and j* column of A. Then

n
det A = Z(—l)H—jai]’ det Ai.
i=1
One can check that det A is well-defined, and in fact equals the mathematical definition

det A = Z sgn(o) ﬁ Qio(i);
i=1

O'ESTL

we will not do this here.

Example 2.5. The determinant of a 3 x 3 matrix

a b c
d e f
g h 1
is aei + bfg + cdh — (ceg — bdi — afh).
Example 2.6. Using the definition above,
_23_1132 -3 1 4 -2 1 0 -2 1 0 -2 10
det_2141:3—211—0—211+4—314—O—314
13 0 o -1 3 -2 -1 3 -2 -1 3 -2 2 11

=3.(=10) +0+4-(=18) 40
= —102.

Example 2.7. The determinant of an upper triangular matrix

ai ok --- %
0 a9

0 O .ox
0 O a,

is aj - - - an. The same formula holds for lower triangular matrices.

Before we state some important facts on determinants, let us define matrix multiplication; we
will restate it in the next lecture. Given two n x n matrices A = (a;;) and B = (byj), the product
AB has (i, j)!" entry

a;1b1j + aiabaj + - - + ainby;.

Example 2.8. One has
2 1 10 5 0
O 3 R P R

12



Definition 2.9. Let A be an n x n matrix. If there exists another n x n matrix B such that
AB = BA = I, then A is invertible, and B is called the inverse matriz of A. We denote B by A~

Theorem 2.10. Let A = (a;5) be an n x n invertible matriz. Define
Ayj = (—1)" det My,

where M;; is the (n — 1) x (n — 1) matriz obtained by removing the i'" row and j* column of A.
Then

A Aoy - Ap

e 1 Arp Az -+ Apa
detA | : - :

Ay, Agy - Ay

(Note the arrangements of A;j in A.) In particular, the inverse of A is unique.
Proof. Computation. O

Example 2.11. Let us consider the system AX = b given explicitly by

2 =1 3| |z 2
-3 1 0f |z2| = 1|0
-2 1 4] |3 3
One computes det A = —7, so the system has a unique solution X = A~! b. By the theorem above
1 4 7 -3
A =—= 12 1 -9,
-1 0 -1
SO
1 1 4 7 =3 |2 1/7
T2 =% 12 14 -9| |0| =|3/7
T3 -1 0 -1| 13 5/7

2.3 More Determinant Facts

Proposition 2.12. Let A and B be n X n matrices.

det(cA) = " det A.

det A* = det A, where A is the transpose of A obtained by writing the rows as columns.
det(AB) = det(A) det(B).

If A is invertible, then det(A~!) = (det A)~L.

det A remains the same after adding or subtracting rows (or columns) with each other.

Proof. Computation. O

Proposition 2.13. The following are equivalent for an n X n matriz A.
(a) A is invertible.
(b) det A # 0.
(c) rank A = n.

Proof. Statements (b) and (c) are equivalent by the last assertion in the above proposition. State-
ments (a) and (b) are equivalent by the third assertion and Theorem 2.10. O

13



Example 2.14. It is an exercise on row reduction to see that the determinant of the Vandermonde
matrix

1 ay a} - a}?
1 ay a3 --- ay?
1 a, a? - a!
is
H (aj — ai)
1<i<j<n

We have now come to the most important theorem of this lecture.

Theorem 2.15. Consider a system of linear equations AX = b. N
e [fdet A # 0, then there is a unique solution for X given by X = A‘l_lg.
e Ifdet A =0, then there are either zero or infinitely many solutions for b. There is no solution

if, after performing RREF on {A\ T))} , the last nonzero row is of the form
(0 o 0l9) 1£0
otherwise, there are infinitely many solutions.
Proof. This is a consolidation of everything said in this lecture. O
To end this lecture we present another method to find the solution of AX = b if A is invertible.
Theorem 2.16 (Cramer’s Rule). Consider a system of linear equations AX = b where A is an

n X n invertible matriz. Then
. det Az

YT et A

where A; is the matriz A with the it" column replaced by b.

Proof. Computation. O

Example 2.17. We now solve

2 -1 3| |z 2
-3 1 0f |z2| = 1|0
-2 1 4] |3 3
using Cramer’s Rule. One has det A = —7, and
2 -1 3
det Ay =det |0 1 0f =-1,
3 1 4

and similarly det Ay = —3 and det A3 = —5. Hence the computation agrees with Example 2.11.

14



3 Lecture 3 — Linear Maps

In this lecture we focus on understanding what a linear map is. In particular, we want to say that
a matrix is the same as a linear map, up to change of basis. Always let F' be either R or C, and let
F™ be the standard n-dimensional space over F'.

3.1 Basis

We all know that the dimension of F" is n. What does this mean exactly? Mathematically speaking,
this means that we can pick n vectors vy, ..., v, such that any point of F can be reached by some
linear combination of these vectors. Let us make this precise.

Definition 3.1. A set of vectors vy, ..., v, of F™:
e is linearly independent if cijv; + - - + ¢pvy = 0 implies ¢ = - -+ = ¢, = 0;
e spans F™ if any vector v € F™ can be written as v = ajv1+- - -+a, vy, for some aq,...,a,, € F;
e is a basis if vy,..., v, is linearly independent and spans F™.
One can check linear independence and spanning as follows. Write vy, ..., vy, as an m xXn matrix,

where the i row corresponds to v;. Then perform REF (corresponding to adding, subtracting,
and scaling vectors). The set:
e is linearly independent if the number of pivots equals m, and is linearly dependent otherwise;
e spans F™ if the number of pivots equals n, and does not span otherwise.
Thus, for vy, ..., v, to be:
e linearly independent, necessarily m < n;
e spanning, necessarily m > n;
e a basis for F'™, necessarily m = n.
Of course, comparing m and n is not sufficient; we need to do REF computations.

Example 3.2. The standard basis is the basis eq,...,e, of F", where ¢; is the vector with 1 in
the it coordinate and 0 elsewhere.

Example 3.3. One can use REF to check that (1,2,3),(1,3,2),(2,1,3) is a basis for F?3.

3.2 Matrix Representation of Linear Maps
Definition 3.4. A function ¢ : F™ — F™ is a linear map if
p(c ¥+ W) = cp(T) + ()
for any constant ¢ € F' and any vector ¥, € F™.
Example 3.5. The function ¢: F? — F by o(z,y) = = + 2y is a linear map.

Example 3.6. If A is an n x m matrix with coefficients in F', then the function ¢: F™ — F"
defined by ¢(¥) = A ¥ is a linear map.

Example 3.7. A rule of thumb to see if a function is linear is to check if the coordinates defining
the function is a linear function without constants. A function with constants or other nontrivial
functions in them are not linear. For example, the functions

R — R RZ — R*
x — z+1 (z,y) — (%, y, 2, xy® + )

are not linear maps.

15



Given any linear map, we can construct a matrix associated to it.

Definition 3.8. Let ¢ : F'* — F™ be a linear map. The standard matriz for ¢ is the n x m
matrix A such that ¢(v;) = Av; for all i.

Computing the standard matrix for ¢ is relatively simple. Let ey, ..., e, be the standard basis
for F™. For each e;, write
p(ei) = arier + - -+ + anien.

Then the standard matrix for F™ is the matrix

aip -+ Qim

anl - A

Example 3.9. The standard matrix associated to the linear map in Example 3.5 is
1 2].

It is important to write down the matrix with respect to different bases as well.

Definition 3.10. Let vy,...,v,, be a basis for F™, and let wy,...,w, be a basis for F”. The
matriz for ¢ with respect to these bases is the n x m matrix A = (a;;) such that

o(vj) = ajwi + - - - + anjwy
for all j.
Again, after fixing bases, computing the matrix for ¢ is relatively simple: write
o(vj) = ajwr + - - + apjwy

for all 5. Then the matrix we want is

an1 -+ Qnm
Example 3.11. Let us consider the basis (1,1), (1,0) for F? and 2 for F. Then, using the linear

map in Example 3.5,

p(1,1)=3="2,

»(1,0)=1= =2,

N~ DN W

so the matrix of ¢ with respect to these bases is

[3/2 1/2].
One last thing to mention about matrix representations is the matrix for map composition.

Definition 3.12. Let A = (a;j) and B = (byj) be two n x n matrices. Then the product AB is
the n x n matrix with (i, /)" entry

ai1bij + aigbj + - + ainby;-
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Remark. Consider
01 10
a=lp o] =] 3

=  man ]

Then

00 00

so matrices do not commute in general. In fact, matrices do not every satisfy the property AB = AC
implies B = C. An example is

00 00
c=lo o] ac=[s -

Proposition 3.13. Fiz F™, F™ F', their bases, and linear maps @: F™* — F™ and ¢: F™ —
F'. If A and B corresponds to the matrices of the respective maps, then the matriz of their com-
position o @: F* — Fl is BA.

Proof. Computation. O

3.3 Change of Basis

Earlier we mentioned that there are many different choice of basis for F. Suppose v1,...,v, and
vl,...,v), are two such bases. Can we construct an n x n matrix A such that Av; = v} for all i?
Equivalently, we write to write down the matrix of the linear map f : F" — F™ defined by

flaivr + -+ apvy) = a1v] + -+ + apvl,

where we fixed the basis vq,...,v, on both sides. How do we construct this matrix, called the
change of basis matriz? We use the same method as before.
e For each i, write down v} as a linear combinations of the vy, ..., vy, ie.

v = a1v1 + -+ + AniUn.
e The matrix we want is then
air - Gln
Gnp1 " Onpn
Example 3.14. To compute the change of basis matrix from (1, 2), (3,1) to e, ea, we observe that

1
61:*5(1,2)4“

3 1
=2.(1,2) - = (3,1).
€2 5 ()) 5 (37)

(G111 )

’ (37 1)7

Hence the matrix we want is

A

Clearly every change of basis matrix is invertible, for we can easily construct its inverse linear
map. We now have the following corollary.
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Corollary 3.15. Let p : F™ — F™ be a linear map, and let B and B’ be two bases of F™. Suppose
A is the matriz of ¢ corresponding to the bases B and B. If B is the change of basis matrix from
B to B, then:

(a) the matriz of ¢ corresponding to the bases B and B' is B~ A;

(b) the matriz of ¢ corresponding to the bases B' and B' is B~ AB.

Proof. Use Proposition 3.13. O

3.4 Subspaces and the Rank-Nullity Theorem

We now discuss the Rank-Nullity Theorem, which is useful for future computations. Before that,
we need to defined what a subspace is.

Definition 3.16. A subspace of F™ is a subset W of F™ such that cw; +wy € W for all wy,we € W
and ¢ € F. (That is, W is closed under addition and scalar multiplication.)

Definition 3.17. Let ¢: F™* — F"™ be a linear map, and let W be a subspace for F". We say
that F'™ is an invariant subspace if p(w) € W for all w € W. If A is the matrix of ¢ (with respect
to fixed bases), this is equivalent to saying that Aw € W for all w € W.

Example 3.18. Consider the two subset of F? defined by
{(z,y,2) € F3: 2+ 2y + 2 =0}, {(z,y,2) € F3: 2+ 2y + 2 =1}.

The first one is a subspace, but not the second one. Let us call this subspace W. Then it is clear
that W is two-dimensional (two free variables), and a basis for W is (1,0, —1), (1, —1,1).

Example 3.19 (Kernel and Image). Let ¢: F™ — F™ be a linear map. Define the kernel and
image of ¢ to be

kerp = {v e F™ : ¢p(v) =0},
imp = {pv):veF"}.

These are invariant subspaces of F"" and F". If we use the language of matrices, then the kernel
and image of an n X m matrix A are

ker A= {ve F": Av = 0},
imA={Av:ve Fm}.

The nullity null A and rank rank A of A is defined to be dimker A and dimim A respectively. By
observation or doing REF, rank A equals the number of pivots of A.

Example 3.20. By performing REF, the matrix

1 3 2 0 1
-1 -1 -1 1 0
0o 4 2 4 3
1 3 2 =20

has rank 3 and nullity 2.
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Theorem 3.21 (Rank-Nullity). Let p: F'™ — F"™ be a linear map. Then
dim ker ¢ 4+ dim im ¢ = m.
In the language of matrices, if A is an n X m matriz, then
null A 4+ rank A = m.

Proof. This is easy to see by doing REF on A. One can also prove it using abstract linear algebra,
which we will not do here. O

Proposition 3.22. Let p: F™ — F™ be a linear map. If ¢ is bijective, then m = n. Furthermore,
the following are equivalent.

(a) ¢ is bijective.

(b) ker ¢ = {0}.

(c) ¢ is injective.

(d) ¢ is surjective.

Proof. If ¢ is bijective, then ker ¢ = {0} necessarily. By the Rank-Nullity Theorem dimim ¢ = m.
But by bijectivity im ¢ = F™, so m = n necessarily.

Now we show the equivalences. (a) = (b) is clear. For (b) = (c¢), if kerp = {0}, then
o(v) = p(w) implies p(v —w) = 0, so v —w € kerp and v — w = 0, implying injectivity. For
(c) = (d), if ¢ is injective, then ker ¢ = {0}, so dimim ¢ = n. But this implies im ¢ is a subset of
F"™ of the same dimension, so im ¢ = F", implying surjectivity. For (d) = (a), the Rank-Nullity
Theorem tells us that dimker ¢ = 0, so ker ¢ = {0} necessarily, implying injectivity, and together
with surjectivity gives bijectivity. O

The proposition above gives the following corollary. This corollary tells us that, although
matrices do not commute in general, an invertible matrix and its inverse do.

Corollary 3.23. Let A and B be two n X n matrices. If AB =1 then BA=1.

Proof. Since A is an invertible matrix, ker A = {0}. Consider the matrix I — BA. Note that
A(I — BA) = 0. If I — BA were nonzero, then there exists a vector v such that (I — BA)v # 0.
This would imply A(I — BA)v # 0 since ker A is trivial, a contradiction. O

3.5 An Overview of Abstract Vector Spaces

In general, one can give a notion of an abstract vector space V' over F' and show that every such V'
is isomorphic to F™ for some n. We will not dwell on the precise definition here, but we will just
say the following. A wvector space over F is a set V', together with addition and scalar multiplication
satisfying some obvious axioms. A subspace of V is a subset W such that cw; + wy € W for every
wy,wy € W and ¢ € F.

In this course our vector space V' will almost always be one of the following:

e a set of nice functions R — R, or

e the set of polynomials P,, of degree at most n with coefficients in R.

The subspace W will almost always be the functions of V' satisfying some linear ODE. (One can
check that this is indeed a subspace.)

If U and V are two vector spaces, a linear map ¢: U — V is still defined to be a function
satisfying p(cui + ug) = cp(u1) + p(uz) for any constant ¢ € F and any vector ui,ug € U. In our
course, a linear map is a map defined almost exclusively by a linear ODE. We use the same method
as before to construct the matrix associated to a linear map.
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Example 3.24. Let S be the space of real polynomials of the form ax® 4 bz, and consider the
linear map ¢: S — R? defined by

olaz® + bz) = (a,a +b).
Pick bases z, 23 and (1,0), (0,1). Then

Thus the matrix of ¢ is
01
1 1)
Example 3.25. Consider the linear map ¢: P, — R defined by ¢(p) = p(1), or in other words
olaz? +br+c)=a+b+c

Since the dimensions of P> and R are 3 and 1 respectively, the matrix of ¢ should be 1 x 3. With
respect to the bases 1,z, 22 and 1, it is
11 1.

Example 3.26. Let M3(R) be the space of 2 x 2 real matrices. The map ¢ : Ma(R) — R defined
by ¢(A) = det(A) is not a linear map, for det(A + B) # det(A) + det(B) in general.

Example 3.27. Consider the linear map ¢: Py — Py defined by ¢(p) = 2p” + (z — 1)p, or in
other words
o(ax? +bx + ¢) = 4a — b+ (b — 2a)z + 2az>.

With respect to the basis 1, z, z2,

Thus the matrix of ¢ is

0 -1 4
0 1 -2
0 0 2

Example 3.28. Consider the vector space V of real polynomials in two variables x and y of degree
at most two. This vector space is six dimensional, with basis 1, z, y, 22, zy, y*. Let us consider the

linear map ¢: V. — V by
Op dp
T(p(z,y)) =y5_+ e

A computation tells us that the matrix of ¢ with respect to this basis is

0 0 0 0 0 O]
001000
010000
0000T10
00020 2
0000 1 0
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4 Lecture 4 — Eigenvalues and Eigenvectors

We introduce the most important part of linear algebra for this course, that is, eigenvalues and
eigenvectors. We will see later that half of this course is about knowing how to compute these
things. Throughout this lecture A is an n x n real matrix.

4.1 Eigenvalues and Eigenvectors

Definition 4.1. The characteristic polynomial of A is det(zI—A). An eigenvalue of A is a solution
A to det(xI — A) = 0. The multiplicity of A is the maximum positive integer m) such that (z—\)™
divides det(A—x1). An eigenvector for an eigenvalue \ of A is a nonzero element of ker(A— AI), or
equivalently a nonzero solution to A ® = A Z. The vector space ker(A — \I) is called the eigenspace

for A.

Example 4.2. Consider the matrix

A computation tells us that
det(zl — A) = (z — 1)(z — 2)?

so A has eigenvalues A\; = 1 and Ay = 2, of multiplicities my, = 1 and m}), = 2 respectively.
To compute the eigenvectors of A1, observe that

1 00
A-T=|1 1 1
-1 0 O
Since this matrix has rank 2, the rank-nullity theorem tells us that dimker(A — I) = 1. By solving

the equation A Z = @, one sees that the eigenspace ker(A — I) is spanned by (0, —1,1).
Similarly, to compute the eigenvectors of Ao, observe that

0 0 O
A-2I=|1 0 1
-1 0 -1

Since this matrix has rank 1, the rank-nullity theorem tells us that dimker(A — 2I) = 2. By
solving the equation A @ = 27, one sees that the eigenspace ker(A — 2I) is spanned by (0,1,0)
and (—1,0,1).

Example 4.3. Consider the matrix

2 2 3
A=1]1 3 3
-1 -2 -2

A computation tells us that
det(z] — A) = (z —1)3
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so A has a unique eigenvalue A = 1 of multiplicity m) = 3. To compute the eigenvectors of A,
observe that

1 2 3
A-I=|1 2 3
-1 -2 -3

has rank 1. Thus dimker(A4 — I) = 2. Solving the equation A Z = # tells us that the eigenspace
ker(A — I) is spanned by (1,1,—1) and (2, —1,0).

e

are 4¢ and —44, and the eigenspaces are spanned by (—1 + 2i,2) and (—1 — 21, 2) respectively.

Example 4.4. The eigenvalues of

The above example illustrates a property of conjugate eigenvalues pairs.

Proposition 4.5. If X is an eigenvalue of A, then so is X. If U is an eigenvector of \, then c(U)
is an eigenvector of X, where c(U) is the vector ¥ with all entries conjugated.

Proof. Since det(xI — A) is a polynomial with real coefficients, complex roots must occur in pairs.
If AU =\, then ¢(A¥) =c(A¥). But ¢(A) = A since A is a real matrix. O

Notice that there is an eigenvalue to every eigenvector by the following proposition.
Proposition 4.6. There exists a nonzero solution to A®Z = 0 iff det A = 0.
Proof. If there is a nonzero solution, then det A = 0. If det A = 0, thenrank A < nsoker A > 0. O

Proposition 4.7. FEigenvectors for distinct eigenvalues are linearly independent. More precisely,
let A1, ..., A\p be pairwise distinct eigenvalues for a matriz A, and let v; be a chosen eigenvector for
Ai. Then vy, ...,v, are linearly independent.

Proof. Let us proceed by induction. Suppose ajvi + asve = 0. Applying A gives us
a1 A1v1 + asgvo = 0.

On the other hand, multiplying throughout by A; gives us
aiA1v1 + asAjve = 0.

Therefore
az(A1 — Ag2)vg =0,

implying as = 0 since \; — Ao # 0 and vy # 0. This tells us that a;v; = 0, implying a7 = 0.
Let us now suppose ajvy + - - - + apv, = 0. Applying A, or multiplying by A,, gives us

arA vl + -+ ap vy = 0,
a1 AU + -+ -+ ap vy = 0.

Therefore
a1 (A1 — M)+ -+ a1 (A1 — Ap)vp—1 =0

implying a; = --- = a,—1 = 0 by induction. This implies a,v, = 0, giving a,, = 0 as well. O
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Example 4.8. If A has n distinct eigenvalues, then the proposition tells us that A has a basis
consisting of eigenvectors, with each eigenvector corresponding to a distinct eigenvalue. Example
4.4 gives an example of such a matrix.

Let us say briefly why we care about eigenvalues and eigenvectors. Let’s say we want to solve
the differential equation
T'(t) = AZ(t)

with some initial condition . We will see later that the unique solution is

where the matrix exponential will be defined in the next lecture. Thus we know the solution
explicitly in principle since A and 2 are given to us. However, the exponential factor is hard
to compute directly. If A has a basis consisting of eigenvectors, the theory of eigenvectors and
eigenvalues helps us to write A = SDS~! with D diagonal and S a change of basis matrix, whence

etA — SetDsfl
and et? is easy to compute.

Definition 4.9. We say A is diagonalizable if it has a basis consisting of eigenvectors. Otherwise,
A is defective.

Hence in order to check if an n x n matrix is diagonalizable we compute the eigenvalues and
find a maximal set of linearly independent eigenvectors for each eigenvalue. If we get a total of n
linearly independent eigenvectors among all eigenvalues, then our matrix is diagonalizable.

Proposition 4.10. If A is diagonalizable, then A = SDS™! for some diagonal matriz D.
Proof. This follows immediately as a consequence of our discussion on change of basis. O

It is important to know a method for decomposing diagonalizable matrices A into SDS~!. The
method is hidden in the various propositions above, and we flesh it out below.
e Compute the eigenvalues for an n x n matrix A by finding the roots of det(zl — A).
e For each eigenvalue ), find a maximal set of linearly independent vectors for ker(A — AI).
o If we get n such vectors vy, ..., v, in the previous step among all the eigenvalues of A, then
A is diagonalizable. If v; is associated to the eigenvalue A;, then

A 0 0 O

0 X 0 O
S:[Ul‘vg‘---‘vn}, D= ]

o o0 . 0

0 0 An

Example 4.11. We saw in Example 4.2 that the matrix
2 00
1 21
-1 0 1

has
e cigenvalue 1 with associated eigenvector (0,—1,1), and
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e cigenvalue 2 with associated eigenvectors (0, 1,0) and (—1,0,1).
Thus, by the method outlined above,

-1

2 00 0 0 -1} (1 0 O 0 0 -1
1 2 1|=(-11 0 0 2 0]|-1 1 0
-1 01 1 0 1 0 0 2 1 0 1

The inverse matrix above can be computed using the adjunct formula, and

-1

0 0 -1 1 01
-1 1 0 =1 11
1 0 1 -1 0 0

We will work out more examples of this in Lecture 6. Let us note for now that defective matrices
are never diagonalizable (an example is the matrix in Example 4.3). However, we will see later that
one can always write A = SJS~! in Jordan Canonical Form, and such that

etA — SetJS—l7

with J being a special kind of upper-triangular matrix, and e’ easy to compute.

4.2 The Cayley-Hamilton Theorem

Let us end this lecture with an important theorem summarizing the concepts we have learnt in the
past three lectures.

Theorem 4.12 (Cayley-Hamilton). A satisfies the polynomial equation det(xI — A) = 0.

Proof. By viewing A = (a;;) as a linear map ¢ : R" — R" with respect to some basis b1,. .., by,
one sees that

n
p(bi) = aib;.
j=1
Hence, replacing ¢ by the indeterminate =, and writing b = (b1, ..., by,) one sees that
(xI —A)b=0.
Multiplying by the adjunct of I — A on the left, one has
det(zI — A)b =0,
so det(x] — A) maps every b; to 0. Hence det(xl — A) has full nullity and zero rank. O

One can check that all the matrices we have wrote down in this lecture satisfies the Cayley-
Hamilton Theorem. An application of the Cayley-Hamilton Theorem is a method to compute the
inverse of an invertible matrix that avoids anything to do with minors.

Corollary 4.13. Let A be an invertible matriz, and write
det(xl — A) = 2" + 12" 4+ -+ ag.

Then ag # 0, and

1
A_l = —;(An_l + an,lAn_2 + -+ alf).
0
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Proof. 1f ag = 0 then A has zero as an eigenvalue, so det A = 0 by proposition 4.6, a contradiction.
Now, by Cayley-Hamilton
A" +ap 1 AV 4 agl = 0.

The corollary now follows by manipulation. O

Example 4.14. Let us use Cayley-Hamilton to compute the inverse of

0 0 -1
A=1]-1 1 0
1 0 1

The characteristic polynomial of A is
det(z] — A) = 2% — 222 + 22 — 1,

so by the corollary above
Al =A% 24+ 21

One can check that the computation agrees with Example 4.11.
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5 Lecture 5 — Matrix Exponentials

Throughout this lecture A is an n x n real matrix. We explained last lecture why the matrix expo-
nential is important in solving multidimensional linear first order ODEs with constant coefficients,
but we have not even said what it is.
5.1 Definition and Example Computations
Definition 5.1. The matriz exponential of A is defined to be the convergent infinite power series

21 1

A _ A= A%
e _Zj!A =T+ A+ AT+
j=0
Certainly this definition is motivated from the Taylor series expansion of the one-dimensional

exponential function about 0. A direct computation tells us that

—€

d _ _
. A gtA GMAg—tA _ —tAA _

However, it is important to note that in general

eATB £ ¢AeB.

After expanding both sides out using the definition, one sees that the reason is because we do not
have AB = BA.

Example 5.2. Here is an example illustrating the above non-equality. Let
0 1 10
By by

A+ e e—1 A |1 1jle Of e 1
¢ _[0 1]’ 66_[0101_01'

Proposition 5.3. If A and B are two commuting n X n matrices, so that AB = BA, then

Then

Proof. Computation. O

It is very hard to compute the matrix exponential of a general square matrix directly. In
principle the following proposition allows us to compute the matrix exponential of any matrix.

Proposition 5.4. Let A be an n X n matriz.
(a) If A¥ =0, then

1 > 1

A 2

——g —A=T+A+ A+ + ——
c jk‘j! 2! (k—1)!

(b) If A= A1 & --- @ A is a block diagonal matriz, then

eA:eAleH--@eAk’.
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(c) If

Al 0 0 0
0 1 0 0

A= o
0o -~ 0 A 1 0
0 O 0 1
o 0 0 0 |

is a Jordan block, then
[t fet t; A A "t ]

. 3r€ U =€

0 e)\t te)\t %e)\t

A — | : : %e/\t
0 0 e teM %e”
o 0 .- 0 M teM
0 0 0 0 et

(d) If A= SJS™!, then et = Set/ S~
Proof. Computation. O

Example 5.5. One observes that the matrix A below can be factored as
-1

2 2 3 -2 3 0f|1 0 0] ([-2 3 O
1 3 3|=|1 3 0[]0 11 1 3 0
-1 -2 -2 0 -3 1] [0 0 1 0 -3 1

This is an example of a Jordan Canonical Form of a matrix, which we will learn how to compute
in Lecture 7. Right now we are just interested to know e*, which is

—2 3 0] et 0 07[=2 3 0] "

0
=11 3 o|l]0o e tt|]1 3 0
(0 -3 1] |0 0 ¢ 0 -3 1

[(t +1)e 2tet 3tet
= te! (2t + 1)e! 3tet
—tet —2tet (1 —3t)e!

Example 5.6. By computing out eigenvalues and eigenvectors as described in the previous lecture,
we see that the matrix A below can be written as

2 0 0 0 0 —17[t 0o o]0 0 —1
1 2 1] =|=11 o]0 2 o0||=11 o0
1 0 1 1 0 1|]oo 2|1 0o 1
Therefore
[0 0 —=17fe 0 0]JJ0 0 —17""
eA=1-11 0|0 e 0f]|-1 1
|1 0 00 |1 0 1
I
:62—66262—6
e—e2 0 e




5.2 Analytic Function on Matrices

The exponential function is an example of an analytic function. In general one can compute the
result of a Jordan block after applying an analytic function on it.

Proposition 5.7. Let f be an analytic function. If

Al o 0 - 0
0o X 1 o --- 0
A= :
0 0O X 1 O
0 0 0o X 1
0 0 0 0 |
1s a Jordan block, then
T PO A RO) e )]
0 fN ) ') : :
FA = r ey
0o - 0 f) af’ )
0 0 0 f) f' )
L 0 0 0 0 fA)
Proof. Computation. O

Example 5.8. Consider the analytic function f(z) = z*. Then, for 0 < m < k,

1 1) (k- 1
m! m)! m
Hence, if
A1 0 O 0]
0o X 1 0 0
A=
0 0o X 1
o o0 -~ 0 X 1
0 0 0 0 Al

is a Jordan block, then

0 0 Ak EAE—1 k) \e—2
2

0 0 e 0 Ak EAk—1

0 0 0 0 AP

where we set <I;) =0ifl > k.
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5.3 Nilpotent Matrices and Exponentiation
Consider an n x n matrix A with exactly one eigenvalue A, i.e.
det(A —zl) = (—1)"(x — )™
The Cayley-Hamilton Theorem then implies A — Al = N for some matrix N satisfying N" = 0.
Definition 5.9. A nilpotent matriz is a square matrix N such that N = 0 for some n.

It is easy to compute powers and exponentials of matrices with exactly one eigenvalue without
using the exponential formula discussed earlier on.

Proposition 5.10. Suppose A is an n X n matrix with exactly one eigenvalue . Then

max{k,n} I
AF = ) AFTI(A = AT).
y ()
7=0
Proof. The Cayley-Hamilton Theorem implies (A — AI)™ = 0. Since AI and A — AI commutes,
max{k,n} & ‘ .
AF=(AT+A-ADF= ) < ) NI (A= TV,
= N
as desired. O

Proposition 5.11. Suppose A is an n X n matriz with exactly one eigenvalue \. Then
oA oA Z (A~ \IVE.
Proof. The Cayley-Hamilton Theorem implies (A — AI)"™ = 0. Since AI and A — Al commutes,
otA — A JHA=ND) _ tA Z (A— M) it
as desired. ]

A=y )

with exactly one eigenvalue 1. One computes (A — 1)? = 0, so

Example 5.12. Consider the matrix

AP0 — [ 4 9019(A — ) = [6058 _6057]

6057 —6056
[(3t+1)et —3tet }

tA _ t _
e =ell+HA=1T) 3tet (=3t +1)et
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6 Lecture 6 — First Order Constant Linear ODEs Part 1

This lecture is a review of diagonalizable matrices.

6.1 The General Solution

In the next three lectures we focus our attention to solving ODEs of the form
Z'(t) = AZ(1), Z(to) = Zo.

This is the multidimensional version of the first order linear ODE that we saw in Lecture 1. By
using the same proof over there, the solution to this differential equation has the same form.

Proposition 6.1. The solution to the differential equation
T'(t) = AZ(t), Z(tg) = Zo .
is B(t) = elt=l0)A 2,
Proof. Since the derivative of e %4 is —Ae~*4, the above equation is equivalent to

d

7 (e_tA Z(t)) =0.

By integrating both sides from ¢( to ¢t and solving for the constant, we arrive at our conclusion. [J

Hence the only difficulty of solving an ODE of this type is computing the exponential matrix
et4. We recall how to do it via examples for diagonalizable matrices A below, and leave the general
case to the next lecture.

6.2 Examples on Diagonalizable Matrices

We demonstrate the method written out in Lecture 4 via two examples. The first one should be
pretty straightforward, and the second one is slightly more complicated involving complex numbers.

6 —1
A= [2 : ] .
Let us try to find a formula for A* and e?. The matrix A has
e cigenvalue 5 with eigenvector (1, 1),

e cigenvalue 4 with eigenvector (1,2),
so A= SDS™! where

I 5 0 o[22 -1
Sl T T (A B R

Example 6.2. Consider the matrix

This means that

1 1) 55 0][2 -1 2554k kg
k _ kg—-1 _ =
A¥ =8D"S —[1 2:| |:0 4k:| [_1 1:|_|:2.5k_2.4k _5k—|-2-4k:|7

1 1] [e® 0][2 —1] [2°—et —eo+et
1 2010 e* |—-1 1| [2°—2e* —ed+ 2"
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Example 6.3. Consider the matrix

2 90 2
-1 2 1 0
A= 0 0 3 O
0 01 -1

Again let us try to find formulas for A* and e?. The matrix A has
e cigenvalue 3 with eigenvector (19, 1,20, 5),
e cigenvalue —1 with eigenvector (3,1,0,—9),
e cigenvalue 2 + 3¢ with eigenvector (—3i,1,0,0),
e cigenvalue 2 — 3i with eigenvector (3i,1,0,0).
Thus A = SDS™! where

19 3 =3 3 3 0 0 0

1 1 1 1 0 -1 0 0
5= 20 0 0 0 ’ b= 0 0 243 0

5 -9 0 0 0 0 0 231

We explain how to compute D* and e”, leaving the computation of S~!, A* and e/ as an exercise.
Note that

3 0 0 0
o |0 (—1)k 0 0
10 0 (24 30)F 0

0 0 0 (2 — 30)k

To compute (2 + 34)* we use polar coordinates: observe that

- 3
2+ 3i = V13", f = arctan 7

Hence ,
(24 3i)F = (V13)Fe* = 13%/2 cos(kf) + 13%/2isin(k6).
Similarly
(2 — 3i)* = 13%/2 cos(k0) — 13"/2isin(k#).

Next

e3 0 0 0

p_ |0 et 0 0
“Tlo o et o |

0 0 0 e

and one observes that
>3 = 2 cos(3) + ie? sin(3), €273 = ¢2 cos(3) — ie? sin(3).

6.3 Duhamel’s Formula

There are many situations where we are tasked with solving an equation of the form
() =AZt)+4d1), Z(t) =70

instead, and we will see plenty of examples after the midterm. Fortunately we still have a simple
formula to compute the solution to this equation.
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Proposition 6.4. The solution to the differential equation

F) =AW+ G0, Blt) = Fo.
18 .

Z(t) = eltt0)A g —i—etA/ e A G (s)ds,

to

sA

where the integration sign means to integrate each entry of e=*4 g (s) independently.

Proof. Observe that the differential equation is equivalent to

d — — _ —
SR W) =M G0,
and proceed as before.

Example 6.5. Let us compute

() = AZH) + (1,1,  Z(0)=(0,0),

where

is the matrix in Example 6.2. The solution is
t t
Z(t) = €4(0,0) + etA/ e (1, s)ds = etA/ e *4(1, 5) ds.
0 0

A previous computation tells us that

etA _ 2€5t _ €4t _e5t + e4t
26515 _ 2e4t _e5t + 2€4t )

and so

A 26755 _ 6745 _6753 4 6745 1 26755 _ 6745 _ 36755 4 86745
—s
e (Ls) = [26_55 — ¢4 705 4 26_45} [3] - |:26_5S —2e4 — ge05 4 286_4s:|

Integrating,

I

t lt —5t 9 ,—5t 1, —4t 3 ,—4t 69

_ ste™ — spe” %" — Jte” T 4+ me” T + s

/ e SA(l, S) ds = 5 23 4 16 400
0 25

1, -5t —5t 1, -4t | 3 -4t 3
5te e 2t€ + e 300

and Z(t) equals the product of e*4 and the above matrix.
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7 Lecture 7 — First Order Constant Linear ODEs Part 2

In this lecture we discuss how to do a change of basis on defective matrices suitably so that one can
imitate the computations done in the previous lecture. This decomposition is usually called the
Jordan Canonical Form of the matrix. Throughout this lecture A will be an n x n matrix, which
we view as an endomorphism A : V — V of a complex vector space V.

7.1 Generalized Eigenvectors

Definition 7.1. Let X be an eigenvalue of A. A generalized eigenvector of X is a vector v such that
(A — AI)*v = 0 for some positive integer k. The generalized eigenspace of X is

E\:={veV:(A—- )" =0 for some positive integer k}.

The goal of this subsection is to show that V' can be decomposed into a direct sum of generalized
eigenspaces corresponding to the eigenvalues of A, and to show that each generalized eigenspace
has dimension equal to the multiplicity of its eigenvalue.

Lemma 7.2. Let A:V — A be a linear map on a complex n-dimensional vector space V .
(a) After a change of basis, A can be written as an upper triangular matriz.
(b) If ker A" = ker AL, then ker AF? = ker A1 for any positive integer d. Also, we must
have ker A" = ker A™t1,
(c) If im AT = im Al then im A1=4 = im A= for any positive integer d < 1. Also, we must
have im A" = im A™,

Proof. (a) Pick an eigenvector v* of A corresponding to an eigenvalue \, which exists by the
fundamental theorem of algebra. After completing this to a basis v*,v1,...,v,_1 of A, one sees
that with respect to this basis

A% *

0 =x* *
A=

0

0 % --- x

Now repeat this process with the bottom right (n — 1) x (n — 1) matrix, which corresponds to a
linear map on the invariant subspace of V spanned by v1,...,vp—1.

(b) Let v € ker A*1*4. Then A1 A% = 0, so A% € ker A'. Thus v € ker AITL. If ker A" #
ker A"+ then ker A" C ker A"+, By part (b) this implies

ker A C ker A2 C - - ker A" C ker A",

so dimV > n+ 1, a contradiction.
(c) The proof is analogous to that of part (b) and will not be written here. O

Proposition 7.3. Let A be an eigenvalue of A with multiplicity my. Then the dimension of the
generalized eigenspace corresponding to X equals m)y.

Proof. We proceed by induction on the dimension n of V. The proposition holds trivially if n = 1.
For the inductive step, use the previous lemma to write

Aok e x
Ao |0 %
0 0 A
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By definition of the characteristic polynomial the diagonal elements Aq,..., A, are exactly the
eigenvalues of A, counted without multiplicity. Let ey, ..., e, be the basis of V with respect to this
upper triangular matrix A, and let U be the invariant subspace spanned by e1,...,e,_1.
We now fix an eigenvalue A. Then A\ shows up m) times on the diagonal of A, and we want to
show that
dimker(A — AI)"™ = m,.

We now have two cases to consider.
Case 1: A\, # A. By the inductive hypothesis, A shows up exactly m) times on the diagonal of
Aly, and
dimker(A — X[} = ma.

We want to show that (A — XI)™wv # 0 for any v € V \ U, so ker(A — X)[}* = (A — XI)™,
completing our claim in this case. But this is clear, for any such v can be written as u + ce,, for
some u € U and nonzero scalar ¢, and

(T = XN)"™ (u+cen) = (T — N u+ (A, — AN)™ ey,

with ¢(A, — A)™ £ 0.
Case 2: A\, = A. By the inductive hypothesis, A shows up exactly my — 1 times on the diagonal
of Ay, and
dimker(A — M)A = my — 1.

By the previous lemma one has
dimker(A — AI)[J* " = dim ker(A — AT)|7P
and so it suffices to show that
dimker(A — XI)™ = dimker(A — \I)|/* + 1.
By the inclusion-exclusion principle
dim (U + ker(A — A\I)"™) = dim U + dim(A — A\I)"™ — dim (U Nker(A — \I)™)
= (n—1) +dim(A — AXI)"™ — dim(A — XI)[}*,

SO
dim(A — AI)"™ — dim(A — AT/ < 1

as dim (U + ker(A — A\I)™*) < n. Hence it suffices to find a vector of the form u — e, with u € U
such that (A — AI)™*(u — e,,) = 0. By assumption

Ae, = Uy + Apep
for some u, € U, so
(A= AD)™e, = (A= AD)™ L, € im(A — AI)|7P 71 = im(A — A7,
where the last equality is by the previous lemma. Thus (A — AI)"™e, = (A — AI)™ u for some

u € U, as desired. O
Proposition 7.4. Let A\i,...,\; be the eigenvalues of A. Then there is an A-invariant direct sum
decomposition

VZE/\I@---@E)\]..

Proof. 1t is easy to see that the generalized eigenspaces intersect trivially pairwise, so the right
hand side is a direct sum contained in V. By the previous proposition, dim E), = my,, where m, is
the multiplicity of the eigenvalue A. Hence the equality is achieved, since n = my, +---+my,. U
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7.2 The Jordan Canonical Form for Nilpotent Matrices

In this subsection we consider a nilpotent matrix A, so that A has zero as the unique eigenvalue.
We want to show that, after a change of basis, one can write

A=A - A,

where each A; is a block of the form

0 1 0 0]
0 0 1

0 . .0
0O --- 0 0 1
o 0 -~ 0 0

Lemma 7.5. Let A be a nilpotent matriz with A* =0, and let U be a nonzero subspace of V that
intersects ker A*=1 trivially. Then U + AU + - -- + AU is A-invariant, and

V=(U+AU+ -+ A U)o W
for some A-invariant subspace W .

Proof. The first claim that U + AU + - - - + A*~1U is A-invariant is easy, so we omit that and prove
the the second claim. We do induction on k. The case k = 1 is clear. For the induction hypothesis,
let U’ be a subspace such that

V=U @®U®ker AF 1,

and write U” = U’ @ U. By assumption AU” C ker A¥=1. Also AU” Nker A¥=2 = {0}, else if
Au" € AU" with u” # 0 satisfies A¥2Au” = 0 then u” € ker A*~!, contradicting the direct sum
decomposition of V' as above.

Note that A*~! = 0 on the A-invariant subspace ker A*~1. By the induction hypothesis

ker AM1 = (AU" + A*U" + -+ + AUy o W
for some A-invariant subspace W'. Then Then
V=U +U+AU" + A2U" -+ AU+ W'
= U+ AU+ -+ AW + (U + AU + - AU+ W),

Let us define
W=U +AU 4 -+ AU + W,

which is an A-invariant subspace. It remains to show that W intersects U + AU + - -- + AF—1U
trivially. Suppose it does not. Then

ug + Aug + -+ ALy = u + Auj + -+ Ak_luﬁc_l +w
for some u; € U and v} € U’ and w' € W'. Applying A*~! to the above equation tells us that
Akil(uo —up) =0
so ug = u(, by virtue of the direct sum decomposition of V. This implies
Aluy —u)) + -4+ ANy — ) =,

a contradiction to the direct sum decomposition of ker AF=1. O
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Proposition 7.6. Let A be a nonzero nilpotent matriz. Then after a change of basis
A=A410---B A,

where each A; is a block of the form

0 1 0 0]
0 0 1

S0 . o0
0O -~~~ 0 0 1
o 0 - 0 0]

Proof. We induct on the dimension n of V. The case n = 1 is trivial. For the inductive step,
suppose A¥ = 0 for some positive integer k that is chose to be the smallest. Let u be a vector
chosen such that A*~1u # 0, which exists otherwise we contradict the minimality of k. Consider
the one-dimensional subspace U spanned by u. By the previous lemma, there is a direct sum
decomposition

V=U+AU+ -+ AUy oW

Hence A = A; @ A’, where A; is a linear map on U + AU + --- + AF"1U, and A’ is a linear
map on W. Since A’ is a nilpotent matrix as well and dim W < n, one can apply the inductive

hypothesis on A’. As for Ay, consider the vectors A*~1u, A¥=2u, ..., Au,u, which is clearly a basis
for U + AU + --- 4+ A*1U. Then, with respect to this basis, A; is a block of the form as claimed
in the proposition. O

7.3 The Jordan Canonical Form in General

We have now come to the main theorem in the decomposition of matrices. This result will allow
us to find the exponential of any matrix easily.

Definition 7.7. Define the Jordan block J,i‘ to be the k£ x k matrix

Al o --- 0
A1

J’?: : - -0

o -~ 0 X 1

0 0 0 A

Theorem 7.8 (Jordan Canonical Form). Every n x n matriz A can be written as A = SJS™!,
where
J=J @ e
Furthermore, we have the following statements.
o The number of Jordan blocks corresponding to an eigenvalue A equals the number of linearly
independent eigenvectors for \.
o The sum of the sizes of Jordan blocks corresponding to an eigenvalue A equals the multiplicity
for A.
o The number of Jordan blocks of size k equals

dimker(A — AI)* — dim ker(A — AI)F~L.
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Proof. This theorem is a consolidation of all the results proven in the last two subsections. The
only thing not written out explicitly is how to use the previous subsection on a general generalized
eigenspace E) with A = 0. For this, one considers the nilpotent map A — Al on E). ]

From the proof of proposition 7.6, one can extract out a method to construct the change of
basis matrix S in our Jordan Canonical Form A = SJS™! of A. Let us restrict out attention to a
generalized eigenspace E).

e Compute the dimensions of the spaces V,,, = ker(A — A\I)™.

e Let k be the largest integer such that V,_; C Vj. Write down a basis v1,...,v, for Vi1, and

extend it to a basis v1,...,vp, w1, ..., w, for Vj.

e For each i, the vectors (A — M)~ tw;, (A — AI)¥~2w;, ..., w; forms a Jordan block of size k

as follow: arrange in order some consecutive rows

Wi = (A= AD " w; | (A= ADF 2w, |- | w

and associate to this the Jordan block J,ﬁ‘ of size k.
e Perform the same steps as above to the next largest integer k&’ such that Vi1 C Vi, and
continue doing this until no such &’ exists.
e Do the same steps to all the generalized eigenspaces Ey.
e The resulting S we want is the ordered arrangements of all the W,’s above (across all E\’s),
and the J we want is the ordered direct sum of all the Jordan blocks associated to the W/s.
After using this method to compute the Jordan Canonical Form, one can use Lecture 5 to say that

e =8est, AP =sTksh
Example 7.9. Consider the matrix
1 1 1
A=10 1 0
0 0 1
Note that 1 is the only eigenvalue of A, of multiplicity 3. A computation with the rank-nullity
theorem tells us that

011
dimker(A — I) = dimker [0 0 0| =2,
10 0 0]
[0 0 0]
dimker(A — I)? = dimker |0 0 0| =3.
10 0 0]
A basis for ker(A —I) is
1 0
V1 = 0 5 Vg = 1 5
0 -1
and we complete this to a basis for ker(A — I)%:
1 0 0
v = 0 s Vg = 1 s V3 = 0
0 -1 1
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Observe that
1

0
(A*I)’Ug: 0 s V3 = 0 y
0 1

and wv9 is an eigenvector linearly independent from these two vectors. Hence one can take

1 0 O
S:[(A—I)vg‘vg‘vz]zo 1 0},
0 -1 1

J =

S O =

10
1 0f,
01

and A = SJS™!, where S~! can be computed by the adjunct formula or by Cayley-Hamilton.

Example 7.10. Consider the matrix

20 1 =3
0 2 10 4
A= 00 2 0
00 0 3

This matrix has eigenvalues 2 and 3, of multiplicities 3 and 1 respectively.
For the eigenvalue 2, observe that

00 1 -3
. . 0 0 10 4
dimker(A — 27) = dim ker 00 0 ol~ 2,
00 0 1
0 00 =3
. Con2 000 4|
dimker(A — 2I)* = dim ker 000 0l= 3.
0 0 0 1
A basis for ker(A — 21) is
1 0
v = 0 vg = L
1= O 9 2 = 0 )
0 0
and we complete this to a basis for ker(A — 2I)2:
1 0 0
o | 0
=gl v2 =g |
0 0 0
Observe that
1 0
10 0
(A—2I)v3: 0l V3 = 1]
0 0



and vy is an eigenvector linearly independent from these two vectors.
As for the eigenvalue 3, observe that

-3
wy =

4
0
1

is an eigenvector.
To summarize, one can take

I 00 =3
10 01 4
S:[(A—2I)U3"U3"U2‘w1]: 0 1 0 0 >
0 00 1
2100
0200
/ 00 2 0}’
000 3

and A = SJS™!, where S~! can be computed by the adjunct formula or by Cayley-Hamilton.

Example 7.11. Consider the matrix

3 -1 0
A=1]11 1 0

0 1 2
Note that 2 is the only eigenvalue of A, of multiplicity 3. A computation with the rank-nullity
theorem tells us that

1 -1 0
dimker(A — 2I) = dimker [1 -1 0| =1,
0 1 0]
[0 0 0]
dimker(A — 2I)* = dimker [0 0 0| =2,
1 -1 0
[0 0 0
dimker(A — 2I)® = dimker [0 0 0| =3
0 0 0
A basis for ker(A — 21) is
0
v = 0
1
We complete this to a basis for ker(A4 — I)?:
0 1
v = 0 N Vo = 1 s
1 0

39



followed by a basis for ker(A — I)3:

0 1 1
v = 0 N Vo = 1 s V3 = 0
1 0 0
Observe that
0 1 1
(A—I)2U3: 0 y (A—I)U;g: 1 y V3 = 0
1 0 0

Hence one can take

0
S:[(A*I)Q’Ug‘(A—I)Ug"Ug ] =10
1

[

<
Il
oo

10
2 1|,
0 2

and A = SJS™!, where S~! can be computed by the adjunct formula or by Cayley-Hamilton.
Example 7.12. Consider the matrix

0 1 0 0
1 6 -4 -4
A= 22 15 -8 -9

-3 -2 1 2

The characteristic polynomial of A is (x+1)?(x—1)2, so it has eigenvalues —1 and 1, of multiplicities
2 and 2 respectively.

For the eigenvalue —1, observe by rank-nullity that

1 1 0 0

. . 1 7 -4 —4
dimker(A + I') = dim ker 99 15 _7 _g| = 1,

-3 -2 1 3

[ 12 8§ —4 -4
12 8 -4 -4
. 2 _ . _
dimker(A + I)* = dim ker 60 40 —20 —24 =2.

A basis for ker(A +I) is

—1

1

v = 1

0

and we complete this to a basis for ker(A + I)%:
-1 0
1 |1
Ul - _1 9 v2 - 2 I

0 0
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Observe that

1 0
-1 1
(A + I)UQ — 1 ) U2 - 2
0 0
Similarly, for the eigenvalue 1, observe by rank-nullity that
-1 1 0 0

1 5 -4 -4
22 15 -9 -9
-3 -2 1 1

[ 12 4 -4 -4
-32 —-16 12 12
1 — 2: 1 =
dimker(A — I)* = dim ker 98 —90 12 12 2.
0 0 0 0

dimker(A — I) = dim ker =1,

A basis for ker(A — I) is

0
w 0
T
-1
and we complete this to a basis for ker(A — I)%:
0 1/4
0 ~{1/4c
w1 = 1 ) w2 = 0
-1 1
Observe that
0 1/4
0 ~|1/4
—-1/4 1
To summarize, one can take
1 0 0 1/4
-1 1 0 1/4
S:[(A—FI)UQ‘UQ‘(A—I)U)Q‘U)Q]: 1 9 1/4 0 y
0 —-1/4 1
-1 1 00
0 -1 00
7= 0 0 1 1)°
0 0 01

and A = SJS™!, where S™! can be computed by the adjunct formula or by Cayley-Hamilton.
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8 Lecture 8 — First Order Constant Linear ODEs Part 3

In this lecture we discuss two techniques to reduce computations for special kinds of first order
constant linear ODEs.

8.1 An Application of Invariant Subspaces

This trick only works if the n x n matrix A in our differential equation
Z(t)=AZ(t),  Z(to) = 2o

satisfies the following two conditions:

e 2 is 0 after the k*" entry,

e the first k& columns of A all have zero entries after the k** row.
These conditions are rigged so that A has an invariant subspace consisting of the first & entries.
Hence we can do the following to simplify our computations.

e Let B be the top left k x k matrix in A, and let yg be vector consisting of the first k£ entries

in 53)0.
e Compute e'Byq.
e The solution Z(t) has e*Pyq as the first k entries, and 0 after the k*" entry.

Example 8.1. Consider #'(t) = A Z(¢) with initial condition Z(0) = (1, 1,0,0,0), where

310 0 O
031 0 0
A=|0 0 3 0 O
000 -4 6
0 00 -9 11

To find the solution it suffices to compute e'Z, where
31
B- [O 3] .

The exponential matrix for Jordan blocks then tells us that

et tedt 0 0 0] [1 (t+1)e3

0 e 0 0 0| |1 e3t
ZH)=|0 0 0 0 0f [0 = 0

0 0 0 0 0]]0 0

0 0 0 0 0] |0 0

8.2 Buchheim’s Algorithm and Some Formulas for Exponentiating Matrices

The exponential of a general square matrix can be computed using its Jordan Canonical Form, or
using the so-called Buchheim’s Algorithm. We discuss the general Buchheim’s Algorithm here, and
give simple exponentiating formulas for 2 x 2 and 3 x 3 matrices, as well as diagonalizable matrices
with distinct eigenvalues. For the purposes of this course, the best strategy is to choose to use
these simple formulas whenever they apply, since it is not computationally easy to find generalized
eigenvectors or use Buchheim’s Algorithm.
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Buchheim’s Algorithm

In general one computes the exponential of a matrix using Jordan Canonical Form. However, let us
discuss Buchheim’s Algorithm here as well, since a similar method will be used for the next lecture.
Let A be an n x n real matrix. Then the Cayley-Hamilton Theorem tells us that A satisfies its
characteristic polynomial det(A — zI). Use the Fundamental Theorem of Algebra to factorize the
characteristic polynomial as
(A= D)™ (A= NI)™ = 0.

Then we know that each ); is an eigenvalue of A, and there exists an eigenvector v; corresponding
to each A;.
We now want to show that the general solution to

Z'(t) = AZ(t)

can be written as
k1
El)(t) = Z Z tl_le)‘thjJ'
j=1i=1
for some constant 1 x n matrices C;;. To do this, we need to use the fact that the space of solutions

is of dimension n (for, after specifying the initial condition, one has a unique solution). With this
fact, it suffices to show that the space of solutions for

d nj
(A= NI Z(t) = (dt — )\j> Z(t)=0
is of dimension nj. Write our general solution as u(t)e*'v;. Then
dmi
dtmi
so u(t) is a polynomial in ¢ of degree n; — 1, completing our claim.

On the other hand, the general solution to Z'(t) = A Z(t) can also be written in terms of

the exponential matrix as Z(t) = e!4C, where C is determined by the initial condition. We now
describe Buchheim’s Algorithm, which basically reconciles these two ways of computing Z(¢).

(A — N "u(t)etity; = (u(t))eMtv; =0,

Proposition 8.2 (Buchheim’s Algorithm). Let A be an nxn matriz, and suppose A has eigenvalues
Aj of multiplicities nj. For each eigenvalue \j, associate to it the numbers

Mt et L g et

Then one can write

k ny
etA _ Z Z tz—lekjtcj,i

j=1i=1
for some constant n x n matrices Cj;.

Proof. Consider the differential equation
T'(t) = AZ(t), Z(0) = Zg.
By the arguments above one sees that
k- mj
etA 30 _ Z Z ti_le)‘jtcjﬂ-,
j=1i=1
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for some constant 1 x n matrices C;; depending on . By choosing Z to be one of the standard

basis e, ..., en, one sees that the ¢ column of ¢4 can be written as
kK nj
S etecs,
j=1i=1
for some constant 1 x n matrices C7,;. This completes the proof of the proposition. O

Of course, using the fact that complex eigenvalues A = « £ i occurs in conjugate pairs, after
a linear change of variables we can replace every instance of e(®=5)t with e cos St and e® sin ft.
We now demonstrate Buchheim’s Algorithm on the following example.

Example 8.3. Let us compute ‘4 for

0 0
10
1 —1/8
/

1
1
0
0 1/2 1/2

OO O

A computation tells us that A has eigenvalues A\; = 3/4 and A9 = 1, both of multiplicities two.
Buchheim’s Algorithm then tells us that

etA = 63/‘“01,1 + t€3/4t0172 + etCQ,l + t6t0272
for some constant 4 x 4 matrices C;;. To evaluate these constants we solve the equations

I = COA = 0171 + 0271

d 3

A = % etA == ZCLI + 01,2 + 02a1 + 02’2

t=0
d? 9 3
2 tA
_ = —Ci1+ =Cia+ O + 2C:

azl_," "1 M Tt 2 2th,
a3 27 27

43— tA _ 2l ~C C 3C
dt?|,_, T T R

to get
Cy1 = 1284 — 366 A% 4 2884 — 801
Cio =164 — 44A% + 40A — 121
Cy1 = —128A4% + 36642 — 288A + 801
Cao = 1643 — 40A% + 334 — 91.

Note that the constant above can be gotten by taking the inverse matrix of the coefficients of the
equations of I, A, A%, A3. After computing Cji, we see that

et tet (8t —48)e + (4t + 48)e3/* (16 — 2t)el 4 (—2t — 16)e3/*

A 0 € el + (—t — 8)e3t/4 —1(4e! + (=t — 4)e®/*)
= 0 0 %(t + 4)e3t/4 _%te3t/4
0 0 %t€3t/4 7%(75 _ 4)63t/4

One can also compute the Jordan Canonical Form of A and check that it agrees with this answer.
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2 x 2 Matrices

Here are the exponentiation formulas for 2 x 2 matrices.

Proposition 8.4. Let A be a 2 X 2 matriz.
(a) If A has two distinct eigenvalues N1 and Ao, then

At Aot

tA €
A—AI—F
( 2) /\2—)\1

T = A

e

(A — AT

(b) If A has a unique eigenvalue X, then
et = AT+ t(A — \D)).

Part (b) was proven in the previous subsection, and Part (a) is a special case of Theorem 8.7.
Let us consider an example.

Example 8.5. If A has distinct complex eigenvalues a + ib and a — ib, then an application of the
previous proposition, together with the identity e’ = cos@ + isin 6, tells us that

1
e = e cos(bt)I + ge“t sin(bt)(A — al).

In particular, if

then

e o ]

Note that this example and the previous proposition completely characterizes the exponential
matrix of 2 x 2 real matrices.
3 x 3 Matrices

Here are the exponentiation formulas for 3 x 3 matrices.

Proposition 8.6. Let A be a 3 x 3 matriz.
(a) If A has three distinct eigenvalues A1 and Ao, then

6)\1t

tA — A% — (Mg + A3)A + XAl
= ) 0n oA T PeF A A Aeds)
o A? A
T — (A + M)A+ A As]
()\2_)\1)()\2_>\3)( (A1 4+ A3) 1A3])
! A2 — (O + M)A + Ao
+ — (M + n .
()\3—>\2)(/\3—>\1)( A1+ 22) 12])

(b) If A has two eigenvalues A\ and A2 of multiplicities one and two, then

Mt — et (\y — \p)te?!
(A2 —A1)?

e = M et (A — NoI) + (A — NoI)?
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(c) If A has a unique eigenvalue X\, then

t2

em:wM<I+ﬂA—AD+2(

A.—AIV).

Part (c) was proven in the previous subsection, and Part (a) is a special case of Theorem 8.7.
We now prove part (b) by demonstrating Buchheim’s Algorithm. If A has two eigenvalues \; and
Ao of multiplicities one and two, then

e = MIB 4 MO + e D
for some constant 3 x 3 matrices B, C', D. To find these constants we solve

I=B+C
A=MB+XC+D
A? = \[B + M50 + 2\ D

to get
1 2
1
C= W(A — Xl + X — X)) (A1 — A)
1
D= W(A—/\l)(A—AQ)

This gives us our desired formula for e!4 after rearranging.

Diagonalizable Matrices

For diagonalizable matrices with distinct eigenvalues we have the following formula.
Theorem 8.7 (Sylvester’s Formula). Suppose A is a diagonalizable n x n matriz with distinct
etgenvalues A1, ..., A\n. Then

n

etA:Ze)‘itHA' ! y (A —\I).
Y]

i=1 ji

Proof Sketch. Use Buchheim’s Algorithm and a careful analysis with Vandermonde matrices. We
omit the details here as this theorem will not be needed in this course. Of course you can still use
Sylvester’s Formula in this course, and the cases for n = 2 and n = 3 and n = 4 can be derived
easily by hand. O
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9 Lecture 9 — Equilibrium Points

Up till now we have considered linear ODEs of the form #'(t) = A Z(t), where A is an n x n real
matrix. In this lecture we will talk about nonlinear analysis around equilibrium points.
9.1 Linearization
Let Z(t) = (z1(t),..., 2, (t)). Consider a nonlinear ODE of the form
5>/(t) = (f17' * '7fn)7

where f; are functions in x;(t),...,2,(t). An example of such an ODE is
dx dy =x
-1 —z— YTy
T =-)l-z—y), —o=otay

(This ODE is nonlinear because there are terms of order 2.)

We would like to describe the solution to this ODE. The explicit methods discussed in the
previous lectures will not work here since our ODE is nonlinear, and in fact we can’t solve these
ODE:s in general. However, we can try to describe the behavior of solutions with initial conditions
near equilibrium points.

Definition 9.1. An equilibrium point for our nonlinear ODE is a point Z, = (x1,...,2,) such
that f;(z1,...,2,) =0 for all i.

If we factor in the time variable, an equilibrium point #, is a constant solution to the nonlinear
ODE after fixing a starting time to. Let us now write ¥(Z) = (f1,..., fa), i.e. the nonlinear ODE
Z'(t) but forgetting that each z; depends on t. By the multivariable Taylor expansion, for every
Z close to X,

U(Z) ~ U(Z.) + [D3(Z)|(Z - &) = [Dz(Z)|(Z - Z.),

where recall [Dz] is the Jacobian matrix

9h .. Of
oz O0Tn
[DU] = . )
Ofn .. Ofn
8$1 8xn

and [Dz(Z,)] is this matrix evaluated at the point Z,.

Definition 9.2. The linearization of a nonlinear ODE at an equilibrium point z, is the linear
ODE
Z'(t) = [Dg(Z.)|(Z(t) — ).

Example 9.3. Let us consider the example above:

d d

dff:(y—x)(l—w—y% Y=Za
The four equilibrium points are

(070)7 <O7 1)7 (_1/27_1/2)7 (3/27_1/2)

The Jacobian matrix of this nonlinear ODE is
20 —1 —2y+1
[Dz] = { Y ] ,

Y+ % x
and [Dz(Z.)] for the respective four equilibrium points are

[—1 1] [—1 —1] [—2 2}
1 9 3 ) 11
3 0 5 0 0 —3
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9.2 Stability

We now focus our attention to two-dimensional nonlinear ODEs, i.e. when we have only two
variables x1 and 9. In this case the Jacobian matrix have either both real eigenvalues, or complex
conjugate eigenvalues (since the characteristic polynomial is of degree two).

Proposition 9.4. Consider a two-dimensional nonlinear ODE. Let @, be an equilibrium point.
After computing the eigenvalues of the Jacobian matriz [Dz|, the equilibrium point @, is a:

e stable node if the eigenvalues are both real and negative;

o unstable node if the eigenvalues are both real and positive;

e saddle point if the eigenvalues are both real with opposite signs;

o stable spiral if the eigenvalues are both complex with negative real part;

e unstable spiral if the eigenvalues are both complex with positive real part;

e stable center if the eigenvalues are both purely imaginary.

Proof. Casework using elements from previous lectures. O

The case of zero eigenvalues is left out since analysis of it is slightly more difficult (it has both
stable and unstable components). We will not dwell on this case in this course.

Example 9.5. Let us return to Example 9.3. Then one sees that:
(0,0) is a saddle;

(0,1) is a stable spiral;

(=1/2,—-1/2) is a stable node;

(3/2,—1/2) is an unstable node.
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10 Lecture 10 — Some ODEs Related to First Order ODEs

In this lecture we discuss five other kinds of ODEs that we can solve easily. The first four are
closely related to first order constant linear ODEs, and the last is related to the next lecture.

10.1 Higher Order Constant Linear ODEs
Consider an ODE of the form
enty ™ () + cnm1y TV + -+ ey (8) + coy(t) =0

with ¢; constant real numbers. By introducing the vector Z(t) = (y" 1 (t),..., v (t),y(t)), one
observes that the above equation is equivalent to the first row of

T'(t) = AZ(t)

for a determined n x m constant matrix A. Using the same argument in Buchheim’s Algorithm,
after computing det(\ — A) we are led to the following method for solving this kind of equation.
e Solve the characteristic equation

A"+ N e N ¢ = 0.

e If )\ is a real solution with multiplicity k, associate to it the functions

e)‘t, te’\t, . ,tk_le)‘t.

o If A = a4 Fiis a pair of complex solutions with multiplicity k, associate to it the functions
e® cos Bt, e sin Bt, te® cos Bt, te™ sin B, . . ., tF e cos Bt, tF e sin Bt.

e The general solution to the ODE above is a linear combination of the functions above, where
the coefficients are determined by the initial conditions.
Of course, as was hinted in Lecture 2, any such ODE can be converted into a first order linear
ODE. This is not needed in this case, and we will delay this discussion to Lecture 13 where we
consider a more general kind of ODE.

Example 10.1. Hooke’s Law is the differential equation
my () = —ky(?),

where m is the mass of your object and k is the spring constant. By solving this equation, we see

that the general solution is
. k
y(t) = c1 coswt + co sinwt, w=1/—.
m

By defining A = /c? + ¢3, and the angle § such that

. C2
sind = ——

cosézzl, 1

one can also write y(t) as
y(t) = Acos(wt + 9).

The constants w, A, § are usually called frequency, amplitude, and phase angle respectively. In
Lecture 13 we will see how to solve the resonance equation, which is Hooke’s Law together with some
noise that tells us the unboundedness of solutions when the frequency matches external frequency.
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Example 10.2. In order to solve

y"(t) = 2y"(t) — 4/ (t) + 8y(t) =0, y(0) =0, y'(0) =2, 4"(0) =4,
one computes the characteristic equation
A 222 AN+ 8=(A—2)2(\+2) =0,
telling us the general solution is
y(t) = c1e?t + cote?t + cqe™ 2.
The coefficient can be found by substituting our initial conditions into our general solution:
y(0) =0=c1 +cs,
y'(0) =2 = 2¢1 + ¢o — 2c3,
y"(0) = 4 = 4ey + 4eg + 4ces.
Thus

1 o o 1 g
t) =~ +teX — —e 2.
y(t) 46 + te 46

10.2 First Order Nonconstant Linear ODEs with Time-Commuting Matrices

We have already mentioned that the general solution to @' (t) = A(t) Z(t), where A(t) is a matrix
function in ¢, is not Z(t) = e/ AW for some constant matrix C. This is because of the fact
that A might not be a time-commuting matrix, i.e. that A(t1)A(t2) # A(t2)A(t1). However, if this

inequality is an equality, then clearly this formula still works.

Proposition 10.3. Consider the differential equation @'(t) = A(t) Z(t). Suppose A(t) is a time-
commuting matriz, so A(t1)A(ta) = A(t2)A(t1). Then the solution to this differential equation

18
Z(t) =l A0,

where C' determined by the initial condition.

We will learn the general theory of such equations without the time-commuting assumption,

and some methods to solve them, after the midterm.

Example 10.4. The matrices

At) = [ 1 —Clost]7 B(t) = [ 1 colst]7 o) = [cost —sint}

cost cost sint cost

are all time-commuting matrix.

10.3 Recursively Coupled Systems

A recursively coupled system is simply a system of differential equations of the form

2 (t) = fi(zr, ..., 20), xh(t) = fi(wa, ..., z0), cee 2 () = fi(zn),

where 2.(t) depends only on x;(t),zj+1(t),...,zn(t). This system of differential equations can

J
solved recursively, by first solving z,,(¢), then solving x,_1(t), and so on.

Example 10.5. The differential equation
() =yt),  yt) =y

with initial conditions z(tg) = z¢ and y(tp) = yo has solution

z(t) = yoe' "0 — 1 4 o, y(t) = yoe' 0.
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10.4 Change of Variables

We can sometimes do a change of variables to convert a hard-looking ODE with some form sym-
metry into another ODE that we know how to solve. There is no systematic theory for change of
variables as it depends on the problem at hand, so we shall demonstrate it via two examples.

Example 10.6. A Cauchy-Fuler Equation is a differential equation of the form
anz™y "™ () + an_12" Ly (@) + -+ aray/ (2) + agy(z) = 0
with all the a; constants. By introducing the change of variables x = e%, one gets the identities

dx pdry
— =e" —=DD—-1)--- (D — Dy(e*
u = T ( ) (D —k+ 1)y(e"),

where D = d/du. Substituting these to the Cauchy-Euler Equation, and writing g(u) = y(e*),
gives us

anD(D—1)---(D—n+1)g(u)+an_1D(D—=1)---(D—n+2)g(u) + -+ a1 Dg(u) + apg(u) = 0,

where the derivative is now with respect to u. Subsection 10.1 gave us a complete method of finding
g(u), and y(x) can be recovered from g(u) by replacing every instance of u with Inz. Summarizing,
we have the following method.

e Solve the characteristic equation

apAA—=1)---A=—n+1)+ap 1 AA—=1)---A=n+2)+---+aA+ay=0.
e If )\ is a real solution with multiplicity k, associate to it the functions
2, (Inz)z, ..., (Inz)* .
o If \ = a4 (7 is a pair of complex solutions with multiplicity k, associate to it the functions

2% cos(BInz), (Inz)z® cos(Blnx),. .., (Inz)* 1z cos(SInz),

2%sin(BInz), (Inz)z®sin(fInz),..., (Inz)* te*sin(BInx).

e The general solution y(x) will then be a linear combination of the functions above, where the
coefficients are determined by the initial conditions.
For example, in order to find the general solution to

22y (x) + zy (z) + 36y(x) = 0,
one solves A(A —1) + XA+ 36 = 0 to get A = +6i. Then the general solution will be
y(x) = cicos(6lnx) + cosin(61nz).

Example 10.7. Sometimes one can decouple a system to change it into a recursively coupled one.
Consider the differential equation

o' (t) = y(t) + () (1 — 2°(t) — y*(¢)),
Y'(t) = —a(t) + y(t)(1 - 2*(t) — y*(1)),
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with 2(0) = zp and y(0) = yo. Let us assume for simplicity that z¢p > 0 and yo > 0, and we search
for solutions starting at (zg,yo), i.e. with ¢ > 0. By writing = r cosf and y = rsin 6, one gets

(1) = /2200 1 20

_ama') y(t)y' ()
VaR(t) +y2(t) /22 () + YA ()
= r(t)(1 — r2(t)).

Also 0'(t) = —1 by comparing the formula for 2/(t) above with

Hence to solve for z(t) = r(t) cos6(t) and y(t) = r(t) sin(t) one just needs to solve for
r(t) =) -7, 0 =1,

with 7(0) = /22 +y2 and 0(0) = arctan(zoy, ‘). The first ODE is a Bernoulli equation. We
learned from Lecture 1 that in order to solve this one substitutes u(t) = r~2(t) to get

u'(t) = —2u(t) + 2, u(0) =ug =

;w‘ =

whence u(t) = 1 — e~ 2!(1 — ug). This implies
t
Ve - - )

which is well-defined if we assume ¢ > 0. The second ODE is easy; it has as solution

r(t)

o(t) = 0y — t.

Therefore by using angle formulas

[a:(t)} B el { cost  sin t] [wo}
y(t) \/1 — (@3 +yd) + (x5 + y3)e? L~ sint cost| |yo| "

Notice that, if we write Z(t) = (z(t),y(t)) and Zo = (20, y0), then

A w0 =

. —>
cost sint T
—sint cost| || 2o’

Hence any solution to our ODE stabilizes eventually, and circles around the unit circle centered at
(0,0) with period 27. The point (0,0) is an equilibrium point, and the unit circle centered at (0, 0)
is a limit cycle. In general understanding the behavior of ODEs is hard, and is an active area of
research. We will learn some criteria to determine the stability of equilibrium points in the next
lecture.
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10.5 Hamiltonian ODEs

It is hard to solve a general 2-dimensional ODE. For a lot of applications it is more important to
know the solution curve of an ODE, and not the explicit solution for it. In this subsection we study
the case of Hamiltonian ODEs, leaving the more general situation for the next lecture. The reason
why Hamiltonian ODEs are easier to study is two-fold:

e it gives rise to a conservative vector field, from which we can write down the solution curves

using techniques from Calculus I and II, and

e the corresponding solution curve in the xyz-plane (ignoring parameter t) is a level curve.
This is particularly important in physical applications as it gives us a quantity that is conserved
over time.

Definition 10.8. A system of ODEs of the form
2(0) = fa(t),5(®), ¥ () = g(o(t), (1)
is Hamiltonian if
2 faw)+ Dgley) =0
or Y 53/9 yY) =V

Proposition 10.9. Let Z(t) = (x(t),y(t)) be a solution to the Hamiltonian ODE above. Then the
graph H(x,y) traced out by the solution is a level curve. It can be computed by

H(r,y) = / oo,y dstaly) o Hizy) = / f(e.y)dy + B(o),

where a(y) and B(z) can be found by equating the two ways of finding H(x,y).

Proof. Consider the vector field ¥(x,y) = (f(z,y),g9(z,y)). Notice that the perpendicular vector
field T+ (z,y) = (—g(z,y), f(x,y)) satisfies

0 0

by assumption, so we have our claim for computing H(x,y). Also

dH _OH dr  OH dy _
dt  Ox dt Oy dt

so H(z,y) is a level curve. O

—gf+fg=0,

Example 10.10. Consider

2'(t) = =22 )y’ (1) —y(t),  y'(t) =227 (0)y" (1) +2(2),

with initial conditions z(tg) = 0 and y(tp) = —2. In this case

0 0
5, (722 +y) = =8y, @(29033/4 +z) = 8z%°,

and after some computation

oyt — g2 g2

2

To find the level of H(x,y), one substitutes the initial conditions to see that H (0, —2) = —2. Hence

the solution (z(t),y(t)) to our ODE satisfies H(x,y) = —2, or

H(I‘,y) =

v+ oyt + a2 = 4,

and this graph looks like a “deformed circle”.
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11 Lecture 11 — Midterm Review

11.1 Midterm Review

A review of lectures 1 to 9 was given during this lecture. You should be comfortable with the topics
below; this list is also repeated in the next lecture.

One-Dimensional ODEs

e Separable and First Order Linear ODEs
e Bernoulli and Ricatti ODEs

Matrices

Row Echelon Form

Compute inverses using cofactor expansion or the Cayley-Hamilton Theorem
Rank-Nullity Theorem

Eigenvalues and generalized eigenvectors

Jordan Canonical Form

Compute powers and exponentials using Jordan Canonical Form or Buchheim’s Algorithm
Exponentiation formulas for nilpotent, diagonalizable, and small matrices

First Order Constant Linear ODEs

e Duhamel’s Formula
e Reduction of order
e Linearization and stability
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12 Lecture 12 — Midterm

12.1 Midterm

The midterm was given during this lecture; see subsection 21.6. Below is a non-exhaustive list of
things that you should know for the midterm.

One-Dimensional ODEs

e Separable and First Order Linear ODEs
e Bernoulli and Ricatti ODEs

Matrices

Row Echelon Form

Compute inverses using cofactor expansion or the Cayley-Hamilton Theorem
Rank-Nullity Theorem

Eigenvalues and generalized eigenvectors

Jordan Canonical Form

Compute powers and exponentials using Jordan Canonical Form or Buchheim’s Algorithm
Exponentiation formulas for nilpotent, diagonalizable, and small matrices

First Order Constant Linear ODEs

e Duhamel’s Formula
e Reduction of order
e Linearization and stability
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13 Lecture 13 — Some General Theory for Linear ODEs

In this lecture we will sketch the general theory of linear ODEs with examples. Most of the proofs
will be omitted as they are not essential to the course.

13.1 The Space of Solutions

Let ¥(#,t) be a continuous function from R" x[a, b] to R™ satisfying the Lipschitz condition:
1P(¥,t) - (@ )| <LIy-Z|

for some fixed L, all Z, 9y € R", and all t € [a, b].

Example 13.1. An example of such a continuous function is a system of constant coefficient linear
ODEs U(%,t) = AZ. Here we can take L to be the sum of squares of all the entries of A.

The following theorem gives the foundation for everything we do in this course.

Theorem 13.2 (Picard-Lindeldf). Fiz ty € (a,b) and o € R™. Then there is a unique solution to
Z'(t) =J(Z,t),  Z(to) = Zo.

This solution is continuous on [a,b] and differentiable on (a,b). In particular, the space of general
solutions to @' (t) = U(Z,t) has dimension n.

Proof. Omitted as it is beyond the scope of the course. O

Among other things, this theorem implies that there are n linearly independent solutions to an
ODE of the form @'(t) = A @(t), or in particular an ODE of the form

eny™ (1) + o1y () 4 -+ ey () + coy(t) = 0.

13.2 Flows and the General Duhamel’s Formula

—>/

We now specialize to the case Z'(t) = A(t) Z(t), where A(t) is a continuous n x n real matrix on
the interval (a,b).

Theorem 13.3. Consider

T(t) = A(t) Z(t), Z(tg) = Zo .
Suppose x1(t),...,xn(t) are n solutions such that the matriz
[ 1(to) | z2(to) | -+ | an(to) |
1s invertible. Define
M(t,s)=[ a1(t) | @2(t) | -+ | an(t) | [ 21(s) | @a(s) | -+ | an(s) }_1.

Then M (t,to) is invertible for all t, and the unique solution to the ODE is
T(t) = M(t, to) Zo.

Proof. Straightforward computation. O
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Corollary 13.4. Consider
Z'(t)= A Z(t) + b(t),  B(to) = Bo.

If we let M(t,s) be as in the theorem above, then the unique solution to this ODE is

Z(t) = M(t,to) Zo + t M(t,s) b(s)ds.

to

Proof. Observe by definition of M (t, s) that

Ms,t) = M(t,s)"),  LMts) = AM(t,s),  M(t,t) = 1.

dt
Now, by the chain rule, for any invertible matrix T
d d drl’ d
0=—(1)=—TTY=—"T" ' +17—(T7"
dt( ) dt( ) dt * dt( )
and so p T
—(T H=-71t=—1"
dt( ) dt
With this, use the chain rule to see that
d — d -1 > —> —
SO (t0,0) (1)) = 5 (M(1,10) ™ B(0)) = M(to, )(F (1) — A1) F(0).
This tells us that d

7 (M(to,1) Z(1)) = M(to, 1) b(t).

Integrate both sides from tg to t to see that

Z(t) = M(t, to) Zo +M(t, o) t M(to, s) b(s)ds

to

Since M(t,to) M (tg,s) = M(t,s), this gives us what we want.

O]

This theorem is only useful in practice if we can find n linearly independent solutions to our
ODE. Unfortunately, this is the only part of the course that does not have an explicit method. In
general it is very difficult, and we will learn more about finding such solutions in the next lecture for
the case of second order ODEs. One should now review the types of ODEs where we have methods
to find solutions, such as the ones in Lecture 10. We simplify some of them here for second-order

ODEs, since this is what we are mostly dealing with.

Example 13.5. A constant-coefficient ODE of the form
2" (t) + b2’ (t) + cx(t) =0
can be solved by considering the characteristic equation
A4+ bA+c=0.

The solution to this equation is, of course,

bV —de

A 2

We now have three cases:
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e if /b2 — 4c > 0, then the solution is

7b+\/b274ct —b— b274C)t
z(t) =cre 2 + o 2 .

e if /b2 — 4c = 0, then the solution is

e if Vb2 — 4c < 0, then the solution is

_by Vb2 — 4c¢
2

b? —4c
t g VOT T acC
sin( 5

t)+cre? ).
Example 13.6. An ODE of the form
22" (t) + bta' (t) + cx(t) = 0
with b, ¢ constants can be solved by considering x(t) = t®. If we substitute this in, then we get

>4+ (b-Da+c=0.

Thus
—(b—1)++/(b—1)2 —4c

o = y

2

and we have three cases:

e if \/(b—1)2—4c > 0, then the solution is

—(b—1)++/(b—1)2—4c
2

—(b—1)++/(b—1)2—4c
z(t) = it 2 .

e if \/(b—1)2 —4c =0, then the solution is
(b-1) -1)
z(t) =ct™ 2z 4co(lnt)t” 2 .

e if \/(b—1)2—4c <0, then the solution is

_ b—1)2—4 _ b—1)2—4
z(t) = cit™ =h cos((z)c Inz) + clt_(b21) sin((2)c Inx).

Cgt
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14 Lecture 14 — Application to Second Order ODEs Part 1

This lecture is a series of carefully worked-out examples based on the previous lecture, applied to
the case of second order linear ODEs. After dividing by the leading coefficient, we consider ODEs
of the form

y' () + o)y (t) +a()y(t) = r(?).

The idea to solve this equation is to find two linearly independent solutions y;(t) and y2(t) to the
homogenized equation

y"(t) +p)y'(t) +a(t)y(t) =0,
and find a particular solution y,(t) to the original ODE. Then the general solution will be
y(t) = c1yr(t) + caya(t) + yp(t).

There is no general recipe to find y;(t), but we can give recipes for y(¢) and y,(t) after finding
y1(t). Of course, one can also guess for y»(t) and y,(t) if the ODE is simple enough.

14.1 Finding Solutions

As we have said a few times, finding a solution to

y'(t) + p(t)y'(t) + q(t)y(t) =0

is the only part of the course without a good recipe. In the previous lecture (see also Lecture 10
for the general case) we considered:

e the characteristic polynomial method when p(t) and ¢(t) are constants;

e Cauchy-Euler when p(t) = bt~! and ¢(t) = ct 2.
If both p(t) and ¢(t) are trigonometric functions, we will try to guess a trigonometric solution.
Another example where one can try to guess for a solution is an ODE where both p(t) and ¢(t) are
polynomials in ¢. For this kind of equations, we guess a solution of the form h(t) or e"®) | where
h(t) is another polynomial in ¢.

Example 14.1. A solution to (1 — t2)a”(t) — 2ta’(t) + 2x(t) = 0 is x(t) = t.
Example 14.2. A solution to y” — 4ty + (42 — 2)y = 0 is z(t) = €'".
Although we will see a recipe for finding a particular solution to
y' () + )y () + a()y(t) = r(t),

we can sometimes guess for the particular solution if the ODE is easy enough. In the following
examples we will take note of the following easy proposition.

Proposition 14.3. Fori=1,2, if y,,(t) is a particular solution to

y'(t) + p(t)y' (t) + q(t)y(t) = ri(t),

then yp1(t) + yp2(t) is a particular solution to

y' () +pO)y () + q()y(t) = ri(t) + r2(t).

Proof. Clear. ]
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The rule of thumb for guessing particular solutions are as follow:

e if () has an exponential function, put an exponential function in your guess,

e if () has a sin or a cos function, put a sum of sin and cos in your guess,,

e if 7(¢) has a polynomial function, put a polynomial function of the same degree in your guess,,
e if r(¢) is a sum of functions, try to use the proposition above.

Example 14.4. A solution to ¢ +y =t is y(t) = t.
Example 14.5. A solution to y” — 5y’ + 6y = el is y(t) = ! /2.
Example 14.6. A solution to y” — 4y’ — 12y = te' is y(t) = —55(3t + 1)e*’

Example 14.7. A solution to ¢’ — 4y’ — 12y = 3¢ +sin(2t) is y(t) = — 2 + 1 cos(2t) — 55 sin(2t).

14.2 Duhamel’s Formula in This Case

The following theorem is Duhamel’s Formula for

y' () + )y (1) + a(t)y(t) = r(t).

After finding one solution to the equation y” (t)+p(t)y'(t)+q(t)y(t) = 0, it tells us how to completely
solve this kind of differential equation.

Theorem 14.8 (Variation of Parameters). Consider the differential solution

y'(t) + p(t)y' (t) + q(t)y(t) = r(t)

(a) Let yi(t) be a solution to the equation y"(t ) (
=y

)Y (t) + q(t)y(t) = 0. Then the general
solution to this differential equation is yo(t) t)+c

t
y1(t) + caya(t), where

t
yﬁ%w@/ L P gy

and P(t) is an antiderivative of p(t).
(b) The general solution to y"(t) + p(t)y'(t) + q(t)y(t) = r(t) is

y(t) = yo(t) + yp(?),

where yo(t) = c1y1(t) + caya(t) is the solution found in part (a), and

P n(8)a(t) — ya(s)y(t) () ds
%@‘Am@wwwwM@<”‘

(¢) If we impose initial conditions y(to) = a and y'(to) = B, then the coefficients ¢1 and co are
uniquely determined by

ayh(to) — Bya(to) o — —ay (to) + By (to)
y1(to)yh(to) — y2(to)y; (to)’ 27 yito)h(to) — ya(to)y (to)”

Proof. We know the space of solutions must be 2-dimensional from the previous lecture. The rest

Ccl =

follows by computation. O

As we have seen, in practice one does not need to use the above proposition in its entirety; one
can sometimes guess for both y;(¢) and y»(¢), and even for y,(t) if it is simple enough.
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Example 14.9. Consider the ODE

g+t ) -ty =, y() =1,  y(1)=-L

Two linearly independent solutions to the homogenized equation are yi(t) = t and yo(t) = t~1.

Plugging this into the variation of parameters formula,

2t° — 5t2 + 3

t) =
?/p( ) 30¢

If we substitute in the initial conditions (we don’t have to use the previous theorem here), the

solution we seek is
2t5 — 512 + 3

30t
Of course, we could have solved this by a Cauchy-Euler computation.

vt ="+

Example 14.10. Consider the ODE
2y" + 18y = 6 tan(3t).
A computation tells us that

1 1 in(3t
y(t) = c1cos(3t) + casin(3t) — 3 cos(3t) In ‘ + sin(3¢) ’

1 — sin(3t)
Example 14.11. Consider the ODE
a'(t) = —ka(t) + f(t)

where k is a positive constant. From the previous lecture we know that two homogeneous solutions
are x1(t) = cos(vkt) and z(t) = sin(vkt). By the variation of parameters formula, a particular
solution is

1 t

xp(t) = T . sin(VE(t — s))f(s) ds.
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15 Lecture 15 — Application to Second Order ODEs Part 2

In this lecture we discuss the linear algebra required to understand an important kind of second
order ODE called the mechanical oscillation equation. This is a higher-dimensional analog of
Hooke’s Law for mechanical spring.

15.1 Inner Products and Orthogonality
Again let F be either R or C. Recall that the inner product on F"™ is defined by

(U, ) = vrwy + -+ + Tywy.

(If F is the field of real numbers, then (¥, W) = viwy + -+ - + vywy.) If A is an n X n matrix with
coefficients in F', then it is not hard to see that

(B, AZ) =T A7 and (Av, w) = (v, A%w).

For any matrix M we write M* = M?, where M is the transpose of M, and M? is the matrix
obtained by complex conjugating every entry in M?!. (If M is a real matrix then M* = M?".)

Definition 15.1. Let A be an n X n complex matrix.
o Ais unitary if A*A=1.
e Ais normal if A*A = AA*.
o Ais Hermitian if A* = A.
o A is positive definite if it is Hermitian and (2, A @) > 0 for all nonzero vectors .

The Spectral Theorem below guarantees that the definition for positive definiteness makes sense
(since the theorem tells us that (Z, A Z) is a real number for Hermitian matrices A). We have the
exact same definitions if A is real, but with slightly different names. For clarity let us repeat them.

Definition 15.2. Let A be an n x n real matrix.
e A is orthogonal if A'A=1.
o Ais normal if A'A = AAL.
o A is symmetric if At = A.
o A is positive definite if it is symmetric and (2, A Z) > 0 for all nonzero vectors 2.

Lemma 15.3. Every n X n matriz A can be written as A = UTU*, where U is a unitary matriz
and T is upper-triangular.

Proof. Use the same proof as part (a) of Lemma 7.2 in Lecture 8. One can make sure U is unitary
by demanding the eigenvectors we pick be of norm one. O

We now come to the Spectral Theorem, which together with the Jordan Canonical Form are
the two main theorems in linear algebra. The Spectral Theorem applies only to normal matrices,
and is purely an existence theorem (so it does not tell us how to compute anything). Consequently,
or coincidentally, it has a much easier proof.

Theorem 15.4 (Spectral Theorem). Let A be an n x n complex matriz.
(a) A is normal if and only if it is unitarily diagonalizable, i.e. A = UDU* for some unitary
matrix U and diagonal matrix D.
(b) A is Hermitian if and only if it is unitarily diagonalizable with all eigenvalues real. Hence
A =UDU* for some unitary matrix U and real diagonal matrix D.
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(c) A is real symmetric if and only if it is unitarily diagonalizable with real eigenvalues and real
eigenvectors. Hence A =UDU? for some orthogonal matriz U and real diagonal matriz D.

Proof. (a) The previous lemma tells us that A = UTU* for some unitary matrix U and upper-
triangular matrix 7. As A is normal, this tells us that T7™ = T*T', forcing T to be diagonal.
(b) Let v be an eigenvector with eigenvalue A. Then

Mo, v) = (Av,v) = (v, A*v) = (v, Av) = \Nv,v).

so A must be real.
(c) Part (b) tells us that every eigenvalue A must be real. Since A is a real matrix, this implies
that ker(A — AI) > 0, so it has positive real dimension. O

Corollary 15.5. A Hermitian matriz has a basis of eigenvectors with real eigenvalues.
Proof. Direct from the Spectral Theorem. O

The Spectral Theorem tells us that Hermitian matrices do not have generalized eigenvectors,
so we do not have to think about Jordan Canonical Forms! In preparation for the next lecture we
want to obtain a good basis of eigenvectors, called an orthonormal basis. Recall that the norm of
a vector ¥ is defined to be || 7 || := (T, ¥)V/2.

Definition 15.6. Two vectors ¥ and W are orthogonal if (¥, w) = 0. A set of vectors vy, ..., v,
is orthonormal if it satisfies three conditions:

® v1,...,v, forms a basis of F™;

e cach v; has norm 1;

e the vectors are pairwise orthogonal.

Here is an important fact about eigenvectors. It tells us that eigenvectors for different eigen-
values are orthogonal.

Proposition 15.7. Let A be a Hermitian matriz. For j = 1,2, let v; be an eigenvector for the
eigenvalue \j, such that A\ # Xa. Then v1 and ve are orthogonal.

Proof. As A is Hermitian (v, Avy) = (Avy,va). Thus, as the eigenvalues of A are real,
A2(v1,v2) = A1{v1, v2).
This implies (vi,v2) = 0. O

How do we obtain an orthonormal basis from a given basis of eigenvectors?

Definition 15.8 (Gram-Schmidt Process). Let vy, ..., v, be a set of linearly independent vectors
in F™. This iterative process produces an orthonormal set of vectors by, ..., by, as follows.
e Set u
Uy = v and by = Ly
[[ua ]
e Now set
v, U U
U2:U2_<2 ) and 62:—2.
(u1,u1) [zl

e Jterating, set

Uj = Uj —_ Uy — - — 71@‘_1 and bj = ”u]”



It can be easily checked that (b;,b;) = 0 for i # j.

Proposition 15.9. A Hermitian matriz has an orthonormal basis of eigenvectors with real eigen-
values.

Proof. We know that eigenvectors for different eigenvalues are already orthogonal, so we just need
to apply the Grams-Schmidt Process to a basis for every eigenspace. O

Example 15.10. Consider the vectors
V1 = (1727370)7 V2 = (1327070)7 U3:(1a0a071)'

The Gram-Schmidt Process tells us that
9 9 15 4 2

=(1,2 =(—, =, —— =(z,— T 1
U1 ( s 73,0)7 U2 (14777 14’ )7 u3 (57 5307 )7
and 1 1 1
by = —(1,2,3,0), by = ——(9,18, —15,0), by = ——=(4,-2,0,5).

15.2 Positive Definite Matrices

The type of matrix that comes into play for mechanical oscillations are positive definite matrices.
Henceforth let us note some facts for these kinds of matrices.

Proposition 15.11. Let A be a positive definite n X n matriz.
o Fuvery eigenvalue of A is positive.
e A is an invertible matrix.
o If C is another invertible n x n matriz, then C*AC is also positive definite.

Proof. (a) The Spectral Theorem tells us that any eigenvalue X of A is real. Pick an eigenvector ¥
for A. Then (¥, A %) > 0. But

(V,ATV) = (V,\7) = \(V, V)

Since U is nonzero, this implies A > 0.

(b) It suffices to show that A = 0. Suppose Z satisfies AZ = 0. Then (Z,AZ) = 0. By
positive definiteness this forces @ = 0, as desired.

(c) Since C is invertible, any nonzero vector Z satisfies C @ # 0. Therefore

(Z,CACE) = B C*ACZE = (CZ)'ACZ = (CZ,ACE) > 0
by positive definiteness of A. O
Here is a criteria to check if a matrix is positive definite.

Proposition 15.12. An n xn matriz A is positive definite if it is Hermitian and every eigenvalue
18 positive.

Proof. Let b1,...,b, be an orthonormal basis of eigenvectors with positive eigenvalues A1,..., A\,
(the eigenvalues might not be distinct). Let @ be a nonzero vector. Then it is easy to see that

T = <¥, b1>b1 —+ o+ <§, bn>bn
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Thus a computation tells us
(Z,AZ) = M(Z, 007 + -+ + M |(Z, bn) %

Since the eigenvalues are positive, the expression above is nonnegative. It is zero exactly when
(2,b;) =0 for all j, implying @ = 0. Therefore A is positive definite. O

17 8
8 17|

This matrix is symmetric with characteristic polynomial (z — 25)(x — 9), so it is positive definite.

Example 15.13. Consider the matrix

A key fact about positive definite matrices lies in the next theorem, of which we will not give
a proof of, but we will use repeatedly in the next lecture.

Theorem 15.14. Let A be a positive definite matriz. Then there is a unique positive definite
square root AY? of A. In fact, the square root can be constructed as follows.

o Let by, ..., b, be an orthonormal basis of eigenvectors with positive eigenvalues A1, ..., An.

o Write

\/)\71 0 0

U=[b|ba| - ]|ba] and ~ DY? = 0 v
; e .0
0 0 \/E
o Then A2 = UDY2py*,

Proof. Omitted; the existence follows from the Spectral Theorem, and the uniqueness is an ele-
mentary but slightly tricky argument that is not relevant to the course. O

Example 15.15. Again consider the positive matrix

17 8
a=[§ 7]

with eigenvalues 25 and 9, and corresponding orthonormal basis of eigenvectors

(1,1) and by (1,-1).

_ L
V2

_Ll 1 1/2_50 1/2_41
U_\/i[l —1}’ b _[0 3}’ AT =1y

Then
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16 Lecture 16 — Application to Second Order ODEs Part 3

In this lecture we introduce the mechanical oscillation equation.

16.1 Oscillations
Definition 16.1. A mechanical oscillation equation is an equation

MZ"(t)=—-AZ(t)
where M and A are positive definite matrices.
Proposition 16.2. Any mechanical oscillation equation as above can be converted to

y'(t) =K (1),
where Y (t) = MY?2 Z(t) and K = M~Y/2AM~1/2,
Proof. Computation. Note that everything written above makes sense by the previous lecture. [
Hence we now concentrate on understanding a mechanical oscillation equation of the form
y't)=-Kyt), ¢0)=(ar,....an),  Y(0)=(br,...,bn).

(For convenience we will just let time start from zero.)
Let b1,...,b, be an orthonormal basis of eigenvectors of K with positive eigenvalues A\,..., A,.
By taking the dot product of the equation with b;, one immediately sees that

(bj, J(1))" = =X (bs, Y (1))
Hence, by defining the normal modes w; = (b;, ¥ (t)), one needs to solve
wi(t) = =Xw;(t),  w;(0) = (b, ¥(0)),  wj(0) = (bs, ¥'(0)).

This is the Hooke’s Law equation that we solved in Lecture 10! Recall that the solution to this
equation is

w;(0) sin(y/t).

wi(0) = ws(0) conl/ A1) + 22

The solution ¥ () can then be obtained by
@)(t) = wl(t)bl +t wn<t)bn7
and the actual solution we want is Z(t) = M~ Y2 g ().

Example 16.3. Consider the system of equation

4z (t) = —8x1(t) — daa(t)
x5 (t) = —da1(t) — Saa(t)

with initial conditions z1(0) = —1, 22(0) =1, 2 (0) = 1/2, x4(0) = 2. If we let

M:Eﬂ7 A:ﬁﬂ, (1) = (@1(1), 2(1)),
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then the equation above is the mechanical oscillation equation
MZ"(t) = —AZ(t), Z(0) = (-1,1), Z'(0) = (5,2).

We see that
1/2 . 2 O
=[]

so we do the conversion ¥ (t) = M2 Z(t) and K = M~2AM~1/2 to get

22} N

k=[5 vo-20 Fo-02

Thus we now need to solve for

_:‘jﬂ(t) =-K _:'j(t% _17(0) = (_27 1)7 _17,(0) = (L 2)
The eigenvalues for K are 1 and 6, and we choose corresponding orthonormal basis of eigenvectors

1 1
by = %(—2, 1), b= %(1,2).

By following the steps above one sees that

Y (t) = cos(t)(— isin = (—2cos isin cos sin
Yy (t) = cos(t)( 271)+\@ (V6t)(1,2) = (2 (t)Jr\/6 (V/61), cos(t) + 2sin(V6t)).

The solution we seek is then Z(t) = M~Y/2 3 (t), so

2(1) = [1/2 0] [sin(\/ét)—zcos(t)

1 . )
0 1 = (—cos(t) + WG sin(vV/6t), cos(t) + 2sin(v/6t)).

2sin(v/6t) + cos(t) 26

16.2 Driven Oscillations

Definition 16.4. A driven mechanical oscillation equation with forcing term ?(t) is an equation
MZ"(t)=—AZ(t) + F(¢)

where M and A are positive definite matrices.

Proposition 16.5. Any driven mechanical oscillation equation as above can be converted to
y'(t)=-Ky(t)+ g,

where Y(t) = MY2 2 (t) and K = M~Y2AM~/? and g(t) = M—1/? ?(t)

Proof. Computation. O

Just as before we now concentrate on understanding a mechanical oscillation equation of the
form

7' =-Kyt)+g1), JO)=(a,...,a),  F0)=(br,....bn).

Let b1,...,b, be an orthonormal basis of eigenvectors of K with positive eigenvalues Ay, ..., Ay.
By taking the dot product of the equation with b;, one immediately sees that

(bj, Y(1))" = =X (bj, G (1).
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Hence, by defining w; = (b;, ¥ (t)) and g;(t) = (bj, g(t)), one needs to solve
wy (t) = =Ajw;(t) + g;(t),  w;(0) = (b;; ¥(0)),  wj(0) = (b;, ¥ (0)).

We have solved this equation using Duhamel’s Formula in Lecture 14:

w;(t ) cos( t sin( t sin( —5))g;(s)ds.
(t) = (VAt) + J* (V) + J/ )g5(5)

The solution ¥ () can then be obtained by

Y (t) = wi(t)by + -+ + wp(t)by,

and the actual solution we want is Z(t) = M~ Y2 g ().

There is a subtlety for driven mechanical oscillations: the normal modes w;(t) might demon-
strate resonance. This happens when g;(t) models a periodic driving force in the form of some
constant nonzero multiple of cos(wt 4+ ¢¢). Thus, let us now look more closely at

t
/ sin(y/A;(t — s)) cos(ws + ¢o) ds
0
If we do integration using trigonometric identities, this equals

cos(wt + ¢o) — cos(y/Ajt + ¢o) N cos(wt + ¢o) — cos(—+/Ajt + qbo
2 ) 2/ + )

Notice that this function is defined everywhere except at w = (/A;. If we perform the limit for the
first term we see using L’Hopital’s Rule that

cos(wt + ¢o) — cos(y/Ajt + o) 1, -
w;% 2/ —w) = §ts1n(\//\7jt+¢g).

Thus w;(t) grows without bound if w = |/A;. We now make a definition.

Definition 16.6. If g;(t) is a nonzero constant multiple of cos(wt+ ¢g), then the driven mechanical
oscillation equation demonstrates resonance at w = \/\;.

Resonance is a terrifying thing. For example, it caused the collapse of the Tacoma Narrows
Bridge. A bad experiment to try at home is to get an oscillator to produce sound at the natural
frequency of a wine glass.

Example 16.7. Consider
7't =-Kgt)+ f(t),  F0)=(0,0,  F(0)=(12).
with
2 2 ~
K = [2 5} , f(t) = cos(wt)(—2,1).

As before the eigenvalues for K are 1 and 6. After some computations we will get the ODEs for
the normal modes:

w! (t) = —wi (t) + V5 cos(wt), w1(0) = w(0) =0,
wh(t) = —6ws(t),  wa(0)=0,  wh(0)=+5.

These ODE’s can be solved using the equations above to get Z(t). For this ODE one sees that
there is resonance at w = 1, but not at w = v/6.
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17 Lecture 17 — The Euler-Lagrange Equation

This lecture discusses the Euler-Lagrange Equation, which gives stationary solutions for special
kinds of functionals important in physical applications. We will assume all functions are nice
enough, and focus on examples. In particular, we will not sketch a proof of the Euler-Lagrange
Equation (it is a long but uncomplicated exercise in real analysis).

17.1 Statement of the Euler-Lagrange Equation

We start by fixing notations. Let Z(t) be any t-valued vector, and let ¥ (t) = Z'(t). Recall that,
if Z(t) = (21(t),...,2,(t)), then

of 8f)

7’...77
8951 8xn

Vaf (@0, 70,0 - (
and similarly for Vg f (Z(t), U (t),1).
Theorem 17.1 (Euler-Lagrange). If a function Z(t) minimizes or maximizes a functional
b
1@) = [ 1 @0.50.0 d
then
— — d — —>
Vaf(Z(1),9(t).t) = 2 Vaf(Z(1),¥(t)1). .

Corollary 17.2. If f depends only on Z(t) and ¥ (t), and not t, then the Euler-Lagrange Equation
reduces to

d —>, — —> — —>
- [ OV (1), Z'(1) - [(@@), Z'(1)] = 0.
Proof. Observe that
d —> — —> — —> —> d — —> — —>
S [FOVef(@0),Z(0) - f(Z(1),Z(1)] = Z'(t) | Ve (@), F(1),1) = Vaf (Z (), F(),0)]
The corollary now follows immediately from the Euler-Lagrange Equation. O

17.2 Examples

Example 17.3. Let us try to find f : [0,1] — R such that f(0) =0 and f(1) = 1 and such that
the arc length

1
/0 NaETIO

is minimized. Applying the Euler-Lagrange Equation tells us that

0:d< /') )
dt \ VT+ (TP

/1)
1+ (f'(1)?

SO

=C
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for some constant c. An elementary manipulation tells us that

f(t) = ﬁ =a,

so f(t) = at + b for some other constant b. Since f(0) =0 and f(1) = 1, this means f(¢) =t is the
minimizing function.

Example 17.4. Consider the functional

SO N g
1@ =5 [ 130
0
The Euler-Lagrange Equation in this case is

d
0=—Z'(t
=@,

or Z"(t) = 0. If we fix boundary conditions #Z(0) = ag and Z(1) = a7, this means the solution to

—>

the Euler-Lagrange Equation is the straight line through ag and aj.

Example 17.5. Consider the functional

The Euler-Lagrange Equation is
0 = 2t2'(t),

so we require tz'(t) = ¢. Hence
z(t) = clnt +b.

Let us now impose boundary conditions f(0) = o and f(1) = 8. For z(¢) to be defined at 0 one
must then have ¢ = 0, but this gives us no possible values for b. Hence there is no minimizing
function for this Euler-Lagrange Equation.

Example 17.6. Consider the functional

L
I(z) = / (z'(t))? — (z(t))* — z(t) sint dt
0
with boundary conditions x(0) = x(7/4) = 0. The Euler-Lagrange Equation is
2a(t) — sint = % (22/(1)
—2z(t) —sint = —(2z
dt
or in other words 2z” + 2z = —sint. By Duhamel’s Formula, or by observation,
) 1
x(t) = c1sint + cycost + Zt cost.
Applying the boundary conditions tells us that
(t) = ~tcost — ——sint
z(t) = jteost — o sint.
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17.3 The Brachistochrone Problem

Let po = (z0,y0) = (0,0), and pick a point p; = (x1,y1) in the bottom right quadrant of the plane.
The Brachistochrone Problems asks the following.

Question. Find the shape of the wire y(z) that minimizes the time a bead slides from pg to p;.

Note that, by physical reasons,

e y(x) and y/(z) should be nonpositive, and

e the only force acting on the bead is gravity g.
The first step is to derive the functional that models travel time along y(z). Let m be the mass of
the bead. When the bead slides to height y < 0, the potential energy that has been converted to
kinetic energy is

—mgy.

As the formula for kinetic energy is mwv?/2, this implies the speed of the bead at this height is

v =/—29y,

Recall that the time to travel from pg to p; is given by the path integral

where s is the arc length. Since

ds = \/da? +dy? = /1 + ¢ (x)? dx
tells us that the time it takes to move along this interval is
Neavio
/ Vv —=2gy(x)

This is the functional that we are looking to minimize. By Corollary 17.2,

» () VI G@P
\/ 2gy(x)\/1+ (¥' ()2 /—2gy(x)
for some constant c. A manipulation gives us the equation

y(@)[1+ (y'(2)))] = C

for some other constant C'. Note that C' is necessarily a negative constant. Recalling that 1y’ should
be a decreasing function, this implies

y 1/2
de = — [ =2 dy.
! <C—y> Y

We now change variables y = C'sin? ¢, implying

By separation of variables

dr = —2C'sin® pdp = —C(1 — cos 2¢) de.
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After integrating

—%(2(]5 —sin2¢) + B.

By substituting zy = 0, this implies B = 0. Hence, if we let » = —C/2 and 6 = 2¢, then a
parametric equation for y(x) is

xr =

x(0) = r(0 —sinb), y(0) = —r(1 — cos ).

This is the equation for a cycloid! In other words, the cycloid minimizes time (and not the straight
line or some sort of parabola/hyperbola, disagreeing with common intuition).
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18 Lecture 18 — Final Review Part 1

18.1 Final Review Part 1

A first review of lectures 1 to 17 was given during this lecture. You should be comfortable with the
topics below; this list is also repeated in the next lecture.

Matrices

e Compute inverses using cofactor expansion or the Cayley-Hamilton Theorem

e Compute powers and exponentials using Jordan Canonical Form or Buchheim’s Algorithm
e Exponentiation formulas for nilpotent, diagonalizable, and small matrices

e Positive definite matrices

First Order Constant Linear ODEs

e An application of invariant subspaces
e Reduction of order
e Linearization and stability

Higher Order Linear ODEs

e Tricks for finding linearly independent solutions
e Duhamel’s Formula
e Oscillations and resonance

Other Aspects of ODEs

e The Euler-Lagrange Equation
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19 Lecture 19 — Final Review Part 2

19.1 Final Review Part 2

A second review of lectures 1 to 17 was given during this lecture. You should be comfortable with
the topics below; this list is also repeated in the next lecture.

Matrices

e Compute inverses using cofactor expansion or the Cayley-Hamilton Theorem

e Compute powers and exponentials using Jordan Canonical Form or Buchheim’s Algorithm
e Exponentiation formulas for nilpotent, diagonalizable, and small matrices

e Positive definite matrices

First Order Constant Linear ODEs

e An application of invariant subspaces
e Reduction of order
e Linearization and stability

Higher Order Linear ODEs

e Tricks for finding linearly independent solutions
e Duhamel’s Formula
e Oscillations and resonance

Other Aspects of ODEs

e The Euler-Lagrange Equation
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20 Lecture 20 — Final

20.1 Final

The final was given during this lecture; see subsection 21.10. Below is a non-exhaustive list of
things that you should know for the final.

Matrices

e Compute inverses using cofactor expansion or the Cayley-Hamilton Theorem

e Compute powers and exponentials using Jordan Canonical Form or Buchheim’s Algorithm
e Exponentiation formulas for nilpotent, diagonalizable, and small matrices

e Positive definite matrices

First Order Constant Linear ODEs

e An application of invariant subspaces
e Reduction of order
e Linearization and stability

Higher Order Linear ODEs

e Tricks for finding linearly independent solutions
e Duhamel’s Formula
e Oscillations and resonance

Other Aspects of ODEs

e The Euler-Lagrange Equation
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21 Syllabus, Homework, and Exams

21.1 Syllabus

Course: Math 240 (Calculus, Part III)

Instructor: Yao-Rui

Email: yeya@sas.upenn.edu

Webpage: Penn Canvas

Lectures: MTWR, 13:00 — 15:10, 3W2 DRL, from 2019-07-05 to 2019-08-09
First Day of Class: 2019-07-08

Office Hours: Immediately after each lecture

Overview. This course covers applications of linear algebra to solving differential equations. We
will focus our study to first and second order ordinary differential equations (ODEs). The goal by
the end of this course is not only to know how to solve various kinds of differential equations, but
also to gain a working knowledge of linear algebra.

Prerequisites. I will assume Calculus I and II. This varies from institution to institution, but
here at Penn this means the basics of univariate and multivariate calculus. One definitely has to
be comfortable with elementary computations in calculus, but we will not use some stuff usually
covered at the end of Calculus IT (Stokes” Theorem comes to mind).

Text. I will not be following any textbook closely. Here are some references that I will be using to
help develop the course.

e Past Calculus Finals, from the University of Pennsylvania.

e Differential Equations and Linear Algebra, by Stephen W. Goode and Scott A. Annin.

e Ordinary Differential Equations, by Wolfgang Walter.

e Linear Algebra, by Kenneth Hoffman and Ray Kunze.
Please do not spend money buying math books that are unreasonably expensive. I will post every-
thing we need for this class on the course webpage.

Grading. The course will be graded accordingly:
e Five Homework (25 points),
e One Midterm (35 points),
e One Final (40 points),
for a maximum of 100 points. In addition, there is an opportunity to submit an extra credit
assignment. Due dates are summarized below.
e Homework 1: July 11
Homework 2: July 17
Homework 3: July 23
Midterm: July 25
Homework 4: July 31
Homework 5: August 6
Final: August 8
e Extra Credit: Any lecture of your choice
Homework must be turned in, hardcopy, at the start of the class, and late homework will not be
accepted. There will not be any makeup exams; the final will count for 75 points if you have to miss
the midterm, and I hope no one misses the final. The course grade will be curved appropriately.
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More about the Homework. This course emphasizes computational techniques heavily, so one
should practice as much as one needs in order to be comfortable with the material. Thus the home-
work constitutes a significant part of the grade. The Math 240 Past Finals from the University of
Pennsylvania, from Fall 2014 onwards, is another good place to get more practice problems.

More about the Exams. Both exams will be written, and you will have the entire lecture to work
on it. As I do not believe in memorizing equations, you are allowed one single-sided letter-sized
cheat sheet for each exam. The exams will be similar in spirit to the homework.

More about the Extra Credit. If you choose to do the extra credit assignment, you can turn
it in during any lecture before (but not including) the final one. I may ask you to present your
solutions during office hours, so be prepared.

Collaboration and Academic Integrity. If you have any questions or difficulties with anything
at any point during the course, please discuss them with your classmates or talk to me during office
hours. Working together on the homework is encouraged, but anything that is handed in must be
written up individually. Any violation of academic integrity will result in serious consequences.

Tentative Schedule. Here is a planned week-by-week schedule of lectures.
o Week 1: Introduction; Matrices and Linear Maps; Eigenstuff.
e Week 2: Matrix Exponentials; First Order ODEs.
o Week 3: First Order ODEs Continued; Equilibrium Points; Review; Midterm.
e Week 4: Flows; Second Order ODEs.
o Week 5: The Euler-Lagrange Equation; Review; Final.

21.2 Homework 1
This homework reviews lectures 1 and 2. The last problem is optional and not for credit.

Problem 1. Solve the radioactive decay equation N’ = —kN with N(0) = 10. What is the value
of k if N(3) = 5007

Problem 2. Solve x22’ = 523 + e~! with initial condition z(0) = 2.
Problem 3. Find the general solution of 2/ = —xz + sint. Also determine an initial condition

x(m/2) = ¢ such that the resulting solution is periodic.

2

Problem 4. Find the general solution of 2/ = 2% — x — 2.

Problem 5. This problem is related to row echelon forms.
(a) Use row reduction to solve the system of equations

z+2y+32=06
20 +32=5
z+4y + 62 =11.

(b) Do the same with

T+2y+32=6
20+ 32=5
r+4y+ 7z =11.
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(¢) Do the same with

T+2y+32=6
204+32=5
x4+ 4y + 62 = 10.

Problem 6. Find the rank of the matrix

Your answer should depend on t.

Problem 7. Compute the inverse of the matrix

_—0 O =
_ o = O
—_— = = O

1
2
-1
2

Problem 8. Use Cramer’s Rule to solve the system of equations

20 +3y—z=1
dr+y—32=38

3z — 2y + 5z = 21.

Problem *. The Hilbert matriz is the n x n matrix H,, with (i +j — 1)~! in the (i, j)-entry. For

example,
1 1/2
172 173
Hy = 1/3 1/4
1/4 1/5

1/3
1/4
1/5
1/6

1/4
1/5
1/6
1/7

In this problem we will compute det H,,, and show that it is the reciprocal of an integer. (In fact
one can also compute the inverse of the Hilbert matrix and show that it has integer entries.)

(a) Define ¢, = [[}_, j!. Show that

det H,, =

by doing the following steps.

e Do induction on n.

(b) Show that

C

Con—1

=1

Subtract the last row of H,, from every row above it.

Factor out all common terms from each row and column.
Subtract the last column of H,, from every column before it.
Factor out all common terms from each row and column.

o 11 <Lj‘§2j>

by induction on n. Hence det H,, is the reciprocal of an integer.
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21.3 Homework 2
This homework reviews lectures 3 to 5. The last problem is optional and not for credit.
Problem 1. Compute the rank and nullity of the matrix

1 0 -1 2

2 1 2 3

-1 4 1 2
Also find the image and kernel of this matrix. (Assume we are working with real numbers.)

Problem 2. Here are two problems on the interplay between linear maps and matrices.
(a) Write down the linear map with standard matrix

=lelall
O OO~ N
— w N oo
o O O O O

Also write down five distinct invariant subspaces of this linear map, with explanation.
(b) Compute the change of basis matrix from (3,1),(—2,1) to (2,1),(1,4).

Problem 3. Consider the following subsets. Explain whether they are subspaces or not.
(a) S = {(x,y) in R? satisfying y = x?}.
(b) S ={(a+3b+ ¢, b,0) with a, b, ¢ real numbers}.
(c) S ={(x,y,2zw) in R* satisfying z < y < z}.

Problem 4. Let P, be the (n + 1)-dimensional vector space of polynomials with real coefficients
having degree at most n. Consider the linear map ¢: Po — P3 such that

o(1+2) = 2% — 2z, (2 — 2?) =223 + 2 — 2, ox? + )= —2? -2z + 1.
Compute the matrix of ¢ with respect to the bases 1, x,z? and 1, z, 22, 23.

Problem 5. Find the eigenvalues and eigenspaces for the matrix

1 -3 3
3 =5 3
6 —6 4

For each eigenspace, write down a basis of eigenvectors.

Problem 6. Let a and b be complex numbers. Compute the eigenvalues and eigenspaces of

a b
b a+b+b|’

For example, one can check that

with @ = 1 and b = i, has eigenvalues 2 and 0, with associated eigenspaces the span of (i,1) and

(=i, 1).
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Problem 7. Here are two conceptual problems.
(a) Let A be an 8 x 8 matrix with rank(A) = 5. Show that rank(A42%) > 2.
(b) Show that any n x n matrix, with n odd, must have a real eigenvalue.

Problem 8. Show that the matrix

0
4
—4

=N O

0
1
8

has exactly one eigenvalue. Hence or otherwise compute e?4.
Problem *. In this problem we outline how one can model rotations using matrices.

(a) Using the basis vectors (1,0) and (0,1) in R?, write down a 2 x 2 matrix Ry that models
a f-degree rotation counterclockwise about the origin. Show that Ry, Ry, = Rg,Rg,. What
does this equality mean geometrically?

(b) Using the basis vectors (1,0,0), (0,1,0), (0,0,1) in R3, write down three 3 x 3 matrices that
models a f-degree rotation counterclockwise about the x, y, and z axes respectively. If M
and N are 3-dimensional rotation matrices, is it still true that M N = NM?

(c) Show that, in both R? and R3, the composition of two rotations that fixes the origin is still
a rotation.

21.4 Homework 3

This homework reviews lectures 6 to 8. The last problem is optional and not for credit.

Problem 1. Compute the Jordan Canonical Forms for

-3 -2 1 -1 0 1
0 -4 0 and 0 -2 4
1 -2 -3 0 0 =2

Problem 2. Compute the Jordan Canonical Form for

b

Use this to compute e? and 4219, Your answers to e and A2019

should not be imaginary.

Problem 3. Suppose A is a 3 by 3 matrix with eigenvalues 1,7, —i.
(a) Show that A% = A,
(b) Write down two such matrices A with real entries.

Problem 4. The Fibonacci Numbers is the sequence 1,1,2,3,5,8,13,... defined by the recurrence
F, = n—1+Fn—27 Fy=Fy=1.

Note that we can write the recurrence in matrix notation as

= [

Let A be the 2 x 2 matrix above.
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(a) Show that

EAR

(b) Compute the Jordan Canonical Form for A, and use this to write down a formula for A*.
(c) Use the above two parts to write down a formula for F,,. The formula should involve the
golden ratio.

Problem 5. Compute A3 for

2 2 3
A= |1 3 3
-1 -2 =2

(Although the JCF for this matrix was written down in lecture, you still need to show work.)
Problem 6. Find the solution to the equation
Z'(t) = AZ(t), Z(0) = ©,

where
-5 3 2

A=|-8 5 4
-4 3 3

Problem 7. Find the solution to the equation
() =AZ(t)+ (1LY, Z(1)=(253),

where
-1 -1 0
A=10 -1 -2
0 0o -1

Problem 8. Solve the differential equation
T(t)=AZ(),  Z(0)=(1,1,1,0,0,0,0),
where A is the 8 x 8 matrix given by

3
-1

O O Oy 0 W ik Lt
o O oo oo

-1
0 0

O O OO o oo
_ o = OO o oo

O O O OO NONN
(= ool =]
OO OO O o oo

SO o oo o

Problem *. A conic section is the solutions of an equation of the form
Az? + Bay +Cy> + D+ Ey+ F =0

on the Cartesian plane. One can write this equation in terms of a matrix as

@ 4] [;}2 BC{Q] mHD Bl mw:o.

In this problem we seek to classify all conic sections.
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(a) First suppose B = 0 for simplicity. Give a criteria, depending on A and C, to determine if
the conic section is a parabola, hyperbola, or ellipse.
(b) Now suppose B # 0. Show that
[ A B/ 2}

B/2 C

is diagonalizable, and give a criteria depending on the determinant of this matrix to determine
if the conic section is a parabola, hyperbola, or ellipse.

(c) Show that if the conic section is a circle, then A = C and B = 0.

(d) Determine what kind of conic section

x2+2y2—|—2xy+x—5y:0
is, and sketch its graph.

21.5 Midterm Review Problems

This problem set reviews key ideas relevant to the midterm. The last problem is optional.

Problem 1. Find the general solution to
32’ + P — 2? = 2%,

Problem 2. Consider the following matrix.

N W N O
O N O =
i =]
o N O =

Compute the image and kernel of this matrix.

)
b) Find the rank and nullity of this matrix.
)
) Is this matrix invertible?

Problem 3. Consider the matrix

o O

2 k
0 3
0 0

ol

For which values of k& does the inverse matrix exist?

)
b) Find the rank and nullity of this matrix. Your answer should depend on k.
)
) For which values of k is the matrix diagonalizable?

Find the solution to
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Problem 5. Compute et for

w Lo
A=10 4 -1 and A=
01 2 -1 0 4 1
-2 0 0 4
Problem 6. Compute e for
01 0o 0 O
10 -1 0 0
A=01 0 1 0
00 1 0 -1
00 0 -1 0

Problem 7. Consider the system of differential equations

dx
E:( “+y)(1—uw),
dy

Find the equilibrium points, and discuss the kind of stability around the equilibrium points. Do
the same with the system

dx

_— = 2 —
7 24 2)(y — ),
dy 2
L y(2 4+ 2 — 2?).
o y(2+x —x7)

Problem 8. The minimal polynomial of an n X n matrix A is the smallest degree polynomial of
the form

m(x) = 2+ eg 1zt 4+ x4

such that m(A) = 0. This problem tells us that the minimal polynomial is closely related to the
Jordan canonical form of A.
(a) Show that

m(z)= [[ (@-Arn»
eigenvalues

Aof A

where 7, is the maximum size among all the Jordan blocks associated to A.
(b) Explain why the minimal polynomial of A divides the characteristic polynomial of A.

Problem *. Let b and vy be two nonzero vectors in R?. In this problem we will solve the rotation
equation
Z'(t) = b x Z(t), Z(0) = v,

where the multiplication symbol above denotes the cross product.
(a) Rewrite the rotation equation in the form Z'(t) = A Z(t) for some square matrix A.
(b) Show that the eigenvalues of A are 0, i||bl|, —i||b]|.
(c) Show that
a1 cos(bl) o, sin(Il)
1Bl 1Bl ]|

Sylvester’s Formula will be useful here.

A+1
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(d) Show that the solution to the rotation equation is

1 b in||b
Z(t) = =5 (b x (b xw)) — o8 ||2|| (bx (bxwvg))+ sin |15] (b x vg) + vo.
il 1] 1]
(e) Let
n Vo - b
Vg = Vg —
’ 1Bl

be the orthonormal projection of vy onto b. Consider the set of orthonormal basis

1 1 1

= —=0b Uy = —— U3 = ————
1Bl log ] [[ur < us]|

Ul (’LL1 X UQ).

Show that the solution to the rotation equation can be rewritten as

. b- Vo
1]

ur + cos(|[l|t)]|vy || uz + sin([b]¢) g | us.

Z(t)

For this part you may find the identity @ x (b x ¢) = (a - ¢)b — (a - b)c useful.
(f) Finally, draw a quantitative graph of the solution Z(¢). It should be a circle about the axis
through b, with some specified radius and distance from the origin.

21.6 Midterm

The midterm consists of eight problems and an extra credit problem.

Problem 1. Find the general solution to
2 (t) = (z(t) — t)* + 1.
Your answer should have a constant C' somewhere that is determined by the initial condition.

Problem 2. Let k be a real number.
(a) Find all £ such that there exists a 3 x 3 real matrix A having:
e cigenvalue 1 with eigenvectors (1,1,0) and (1,0,1), and
e cigenvalue 3 with eigenvector (2, k, 3).
(b) If such an A in part (a) exists, write down an example of it. Entries should involve k.

Problem 3. I will advise you not to compute the characteristic polynomial for this problem.
(a) Show that an n x n square matrix A has 0 has an eigenvalue if rank(A) < n.
(b) Find all real numbers k such that the following matrix has 0 as an eigenvalue.

0 1 0 1 k2
1 0 12345 0 3k
0 0 In6789 0 O
2 1 2 2 —6
0 0 0 1 2
Problem 4. Consider the matrix

1 0 k
A=10 4 0

0 0 k
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(a) For which values of the real number k is A diagonalizable?
(b) For the values of k where A is not diagonalizable, compute A2°'?. Your answer should not
involve k.

Problem 5. Let § = 7/10 throughout this problem. Consider the matrix
B [cos 6 —sin 0]

" |sinf cos#

(a) Show that

i

for any positive integer n.
(b) Find the solution to
Z'(t)=AZ(), 2(0)=(23)

Your answer should not involve # nor imaginary numbers.

Problem 6. Compute e for

h N

I
O O
oo
NN

Problem 7. Consider the matrix

Find the solution to
Z'(t)=AZ(t)+ (1,t),  2(0)=(1,1).

Problem 8. Consider the system of differential equations

dz:_

dt_y7

d
d—gz:x4—5m2+4.

Find the equilibrium points, and discuss the kind of stability around the equilibrium points.

Extra Credit. Let A and B be two n X n matrices with AB = BA.
(a) Show that there exists an invertible matrix P such that PAP~! and PBP~! are both upper

triangular. [Hint: Show that A has an eigenvalue A, and argue that you can somehow consider
B on the subspace ker(A — AI).]

(b) If A is diagonalizable, show that there exists an invertible matrix P such that PAP~! and
PBP~! are both diagonal.
21.7 Homework 4

This homework reviews lectures 9, 10, and 13. The last problem is optional and not for credit.

Problem 1. Consider the system of differential equations

dx 3y
- = — x
dt y )
dy 3

a -t Y
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(a) Find the equilibrium points.
(b) Linearize the system of differential equations around each equilibrium point.
(c¢) Discuss the kind of stability around the equilibrium points.

Problem 2. Consider

d

d—j = —z%e™ — 2y,

d

d—‘? = 2z + x?ye™.

Show that this system of ODE is Hamiltonian, and compute the general solution curve.

Problem 3. Consider

d
d—f = —zsin(y) + 2y,
% = —cos(y).

Show that this system of ODE is Hamiltonian, and compute the general solution curve.

Problem 4. Find the general solution to y(® — 2y®) 4 544 = 0, where y(™ means taking the
nt-derivative of y.

Problem 5. Find a particular solution to " (t) —4y(t) — 12y(t) = 2t> —t + 3 by guessing a solution
of the form y(t) = at3 + bt + ct + d. You do not have to find the general solution.

Problem 6. Find the general solution to 23y + zy’ —y = 0.
Problem 7. Solve for the general solution of

dy _
de

3
2

1
-3 T2, z>0

Y
)
T

by following the steps below.

(a) Consider the change of variables u = —Inz and v = z3y(z). Show that

v = 6—3uy(6—u)’

and, after letting z = e™*, use the chain rule to deduce that

dv_ 3 1y
T 32°%y za.

(b) By observing that z is in fact just z, show that

@ et
(c) Use the above ODE to find the general formula for y(z).

d’U 3/2

Problem 8. Find the solution curves of

d

& 4x%y? + 2%y
dzx

by following the steps below.
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(a) Consider the change of variables u = Inz and v = 23y(x). Use the chain rule to deduce that

dv dy
v _ g3 49y
du TYy+ dx

(b) Show that

d
@ = 3v + 4% + 0.
du

Then use partial fraction decomposition, or otherwise, to solve for the general solution v.
(c) Substitute back v = Inz and v = z3y(x) into the solution above to obtain solution curves of
the differential equation.

Problem *. In Lecture 9 we considered Hooke’s Law, which describes oscillations of a spring mass
without friction. Let us first study the case of damped oscillations, which can be described by the
equation

ma"(t) = —kxz(t) — az'(t), 2(0) = a, 2'(0) = 3,

with constant coefficients and real numbers o and 5. To avoid the trivial case assume («, 3) # (0,0).
(a) Solve the damped oscillation equation above. You should have three different answers, corre-
sponding to:
e overdamping in case a® — 4km > 0,
e critical damping in case a®> — 4km = 0,
o underdamping in case a® — 4km < 0.
(b) Show that x(t) crosses the origin at most once in the overdamped and critically damped case,
and crosses the origin infinitely many times in the underdamped case.
Next let us study the case of driven oscillations with damping. This can be described by the
equation
ma” (t) = —kxz(t) — ax'(t) + f(t), 2(0) = a, 2'(0) = 3,

with constant coefficients and driving force f(t). Here o and 8 can be any two chosen real numbers.
(c¢) Find the general formulas for the solution of this equation using Duhamel’s Formula. There
will be three formulas, one each for overdamping, critical damping, and underdamping.

(d) Solve

() = —%x(t) — 2/ (t) + cost, z(0) =0, 2/(0) = 0.

21.8 Homework 5

This homework reviews lectures 14 to 16. The last problem is optional and not for credit.

Problem 1. Solve
") +2' ) +y (1) =1, y(0)=14(0)=0,y"(0) =2
Problem 2. Find the general solution to

<j; N 4>2 y(t) = sin(26).

Also find all solutions y(t) that are bounded, in the sense that there exists a constant C,, (depending
on y(t)) such that |y(t)| < C, for all t € R.
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Problem 3. Find the general solution to

'(8) 4y (1) + ay(t) = 200 e

on the interval ¢ > 0. (This problem will appear in the final, so make sure you know how to do it.)
Problem 4. Find the general solution to
(% + 1) (8) + (2 = £2)2' (1) — (2 + t)z(t) = t(t +1)°

by guessing two special solutions x;(¢) and x2(t), and applying variation of parameters to get a
particular solution z,(t). Try exponentials and polynomials for the special solutions.

Problem 5. Find the general solution to
482" (t) + y(t) = 24v/tInt.
Problem 6. Find the general solution to
Y (t) — tan(t)y' (t) — sec?(t)y(t) = sin(t).
Problem 7. Let

5 4 31 32
M_LL 5]’ A_[32 40]'

(a) Verify that M and A are positive definite matrices.
(b) For all values of w > 0, find the solution to

MZ"(t) = —AZ(t) + (3cos(wt), 6 cos(wt)), Z(0) = 2'(0) = 0.
(¢) Find all w where resonance occurs.

Problem 8. Find the eigenvalues, and a corresponding orthonormal basis of eigenvectors, for the
matrix

3
2
4

N O N

4
2
3
Problem *. The Legendre equation is the equation

(1= 2%)y"(2) — 22y’ (2) + a(a + Vy(z) =0

with « a fixed constant. Let us find the general solution to this differential equation on the interval
(—1,1). Suppose one has a solution of the form

oo
y(z) = Z ez
n=0
(a) Compute the Maclaurin series of
2x ala+1)
B and EECR
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(b) Show that
(a+n+1)(a—n)
(n+2)(n+1)

Cny2 = —
(c) Using part (b) or otherwise, show that

(a+2m—-1)(a+2m—-3)--- (a+1a(a—2)--- (a —2m +2)

Com = (—1)mC(]

(2m)! '
_(_qym (a+2m)(a+2m—-2)- - (a+2)(a—1)(a—3) - (a—2m+ 1)
com+1 = (—1)"eq D) _
(d) Show that
yl(x)zl_’_Z(_l)m(a+2m—1)-..((Jé;ml))!a...(a_gm+2)x2m
m=1
Rl mla+2m)---(a+2)(a—=1)---(a=2m+1) o,
ne) =+ X1 (at2m): (QLSH)!) ( ) am

are two linearly independent solutions to the Legendre equation. You need to also check that
these two solutions are convergent power series on (—1,1).
(e) Hence, or otherwise, write down the general solution to the Legendre equation.

21.9 Final Review Problems
This problem set reviews key ideas relevant to the final. The last problem is optional.

Problem 1. Solve the differential equation
Z'(t) = AZ(t) + (12,3,0,0,0,0,0,0,0,0,0,0), z(1)=(0,1,1,1,0,0,0,0,0,0,0,0),

where A is the 8 x 8 matrix given by

—1 16 0 0 00 7 0]
-1 70 0 00 0 0
0 03 0 25 9 0
0 0 0 504 0 0
0O 00 0 03 0 4
0O 00 0 08 0 0
0 00 0 06 -2 0
0 00 0 00 0 O

Your answer should not have integrals or terms that are not fully computed out.

Problem 2. Consider the system of differential equations

(1) = [‘; 1 t(_)l} Z(t) + [_ig] .

ARt i

are three solutions to this differential equation. Using this, find the general solution.

Check that
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Problem 3. Here are two conceptual problems.

(a) If Ais a 5 x 5 real matrix such that (z — 1)? divides det(A — 2T), must e*4 be unbounded as
t approaches infinity?

(b) If Ais a 5 x 5 real matrix with exactly three eigenvalues —2019 and —8 + i and —8 — ¢, must
every solution to @'(t) = A @(t) be bounded as t goes to infinity? In general, how do the
eigenvalues tell us about the behavior of solutions as ¢t approaches infinity?

[Remark: Every conceptual problem in this course has involved either the characteristic polynomial

or the Jordan Canonical Form of a matrix. The final will be no different.]

Problem 4. Compute the Jordan Canonical Form of

3 -1 1 -1
2 0 2 =2
-1 1 1 1
-2 2 =2 4

Problem 5. Consider the system of differential equations

do _
dt_y’

d
d—?:x—x?

(a) Find the equilibrium points, and discuss the kind of stability around the equilibrium points.

(b) Show that this system is Hamiltonian, and compute the solution curve given initial conditions
xz(2) =1 and y(2) = 1.

(¢) For the solution curve above, find the local extrema of y(¢). Are there global extrema?

Problem 6. Consider the system of differential equations

d
d—j:y2+xy+2y+2x,
dy

— =y — .

dt y—y

(a) Find the equilibrium points, and discuss the kind of stability around the equilibrium points.
(b) Show that this system is not Hamiltonian.

Problem 7. Solve the following differential equations.
(a) y"(t) +3y"(t) + 3y/'(t) + y(t) = et + cost — 1.
(b) xy"(x) — (x + 1)y (z) + y(z) = 0. (Guess exponentials and polynomials.)
c) y"(t) — t~1y/(t) + 4t%y(t) = 0. (Guess trigonometric functions.)
d) 22y (t) + 3ty"(t) — 15y'(t) = 0, with y(1) = 1 and /(1) = 2 and 3" (1) = 1.
e) y' —2y +y=e(t>+ 1)L, with y(0) = 2 and y'(0) = 5.

—~ N~

Problem 8. Let
A 3 4 - |1
- 4 9| go = 1]
For all values of w > 0, find the solution to
Z"(t) = —AZ(t) + cos(wt) gy, Z(0) = Z'(0) = (1,1).

Also find the values of w where resonance occurs.
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Problem 9. Find the eigenvalues, and a corresponding orthonormal basis of eigenvectors, for the

matrix

2 1 1
1 21
1 1 2

Problem 10. Find the curve that minimizes the functional
1

| @02+ o)
0

subject to boundary conditions z(0) = 1 and z(1) = 0.

Problem 11. Find the curve that minimizes the functional

4
JRCCEORE
1
subject to boundary conditions z(1) =1 and z(4) = 2.
Problem 12. Recall that the characteristic polynomial of an n x n matrix A is the polynomial
c(x) = det(A — «I).

The Cayley-Hamilton Theorem tells us that ¢(A) = 0, and the minimal polynomial is the smallest
degree polynomial of the form

m(z) =2+ o2+ F a4

such that m(A) = 0. A problem in the midterm review tells us that the minimal polynomial divides
the characteristic polynomial.
(a) Let A be a diagonalizable n x n matrix with distinct eigenvalues. Show that m(x) = c(x).
(b) Let A be a general n x n matrix. Determine when m(x) = ¢(z).

Problem *. We know from Calculus I and II that the surface of revolution of a positive function
y : [a,b] — R about the x-axis is given by

b
S(y) = / 2my(z)v/ 1+ /' (z) dx.
(a) Show that a function y(x) that minimizes S(y) must satisfy

oy V(@) = C?
for some constant C'.
(b) Recall the hyperbolic cosine and hyperbolic sine functions are defined by

cosh(z) = %, sinh(z) = %
By substituting y(x) = C cosh g(x), show that g(x) satisfies
1
! —

(c) Finally, show that the only function y(x) minimizing S(y) is

x4+ D
= h
y(z) = C cos < c >,

where C' and D are constants determined by y(a) and y(b). This curve is called the catenary.
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21.10 Final
The final consists of eight problems and an extra credit problem.

Problem 1. Consider the system of differential equations

W eyt Ty 1
dt y y )

d
—y:x2—x—y.

dt
Find the equilibrium points, and discuss the kind of stability around the equilibrium points.
Problem 2. Solve the differential equation
Z'(t) = AZ(t) + (12,3,0,0,0,0,0,0,0,0,0,0), z(1) = (0,0,1,1,0,0,0,0,0,0,0,0),

where A is the 12 x 12 matrix given by

~116 0 000000 0 0 0]
-1 7 0 000000 0 0 0
0 0 3 205000 0 0 0
00 -1004000 0 0 0
0 0 1 2130000 0 0
00 0 008000 0 0 0
0 0 0 006000 0 0 0
00 0000001 0 0 0
00 0 000010 -1 0 0
00 0000001 0 1 0
00 0000000 1 0 -1
(00 0 000000 0 -1 0]

Your answer should not have integrals or terms that are not fully computed out.

5 4 14 13 L I3
M‘L 5}’ A‘[13 14]’ 90_[3]‘

For all values of w > 0, find the solution to

Problem 3. Let

M 2" (t) = —AZ(t) + cos(wt) dos Z(0) = 2'(0) = (—1,2).
Also find the values of w where resonance occurs.

Problem 4. The first part is related to the second part.
(a) Using the substitution y = Inx, or otherwise, compute the indefinite integrals

/sin(ln x)dx and /cos(ln x) dx.

(b) Solve
Py + " () +y () =1, y(1)=1,4(1)=0,y"(1) =2.
Problem 5. Let A be a 1748 x 1748 real matrix. Suppose A has 1 as the unique eigenvalue, and

suppose A has exactly 1747 linearly independent eigenvectors.
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(a) Show that
A9 — 920194 — 20181,

where [ is the 1748 x 1748 identity matrix.
(b) Show that
ARI-A)=1,

so A is invertible with A=! = 27 — A.
Problem 6. Find the general solution to

61n(t) o

3y () — 12y (t) + 12y(t) = e

on the interval ¢ > 0.

Problem 7. Find the minimum value and minimizing function y(z) for

1
/0 1+ 2)(¢/ (2))? da

subject to the conditions y(0) = 0 and y(1) = 1.

Problem 8. I will advise you not to explicitly solve for the differential equations in this problem.
(a) Consider the differential equation

-, —22(t) — dy(t) + 5 .
z(t) = [ 22(t) +2ygét) +1 ] o 2O =1

Write down the equation for the graph of the solution Z(t). Hence, or otherwise, determine
the minimum value of y(t).
(b) Consider the solution Z(t) = (z(t),y(t)) of the differential equation

2x(t) +2y(t) + 1

T'(t) = [295(75) 4y () _5] , Z(521) = (2019¢€™, 14387°).

Compute
lim |x(t)] and lim |y(¢)].

t—o00 t—o00

Extra Credit. Let C' be a symmetric and positive definite 2 x 2 real matrix, and let h : [0,00) — R
be an integrable function. Show that

//Rz h((Z,CR)) dedy = @/{)w h(t) dt,

where the notation (#,C' Z) means
(Z,CZ)=[z y|C [ﬂ .

Use this to compute

// ! dzd
rz (1 + 22 + day + 5y2)? v
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21.11 Extra Credit Assignment

In this extra credit assignment we seek to understand the differential equation

GM _,

0= 7R 20

with G and M constants. This is derived from Newton’s Law of Gravitation and Newton’s Second
Law. If you have done some physics, you might realize that, together with the fact that planets
have negative total energy, the above equation is the Law of Planetary Motion that governs the
orbit Z(t) of a planet circling around a star with mass M (and G is the gravitational constant). Our
goal is to understand the above differential equation using techniques similar to understanding the
solutions of first order differential equations arising from conservative vector fields. In particular,
we will derive Kepler’s Three Laws.

Kepler’s First Law. The orbit of the planet must be an ellipse, with the star at one of the focal
points of the ellipse.

Kepler’s Second Law. As the planet moves around the orbit, the line connecting the planet to
the star sweeps out equal areas in equal time.

Kepler’s Third Law. The square of the orbital period of the planet is proportional to the cube of
the semi-major length of its orbit.

Historically Johannes Kepler derived his laws by analyzing astronomical observations, and it
was Issac Newton that realized that these laws can be derived as special consequences of his famous
second law of motion. Try drawing pictures to see that Kepler’s Three Laws agrees with intuition
and common knowledge.

Deriving Kepler’s First Law

Let m be the mass of the planet. As is tradition, let us introduce the following quantities.
e The momentum of the planet is defined to be

p(t) =m@'(t).
e The angular momentum of the planet is defined to be
L(t) = Z(t) x p(t),

where the cross symbol is the cross product.
e The Runge-Lenz vector of the planet is defined to be

(1)

2@l

A(t) = p(t) x L(t) — GMm?

e The total energy of the planet is defined to be

@2 GMm
B0 = T TEOT

Because of physical assumptions we always assume Z(t) satisfies

GM _,

Z2'(t) = TZOP (1),

and the total energy E(t) is negative for all ¢.
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Problem 1. Show that J p p

“L(t) = —A(t) = - E(t) =0
so that the angular momentum, Runge-Lenz vector, and total energy of the planet are actually
constant vectors. Let us now denote them by L, A, and E respectively.

Problem 2. If L = 0 then show that #(#) must be a line. This is not an orbit, so we assume
L # 0 as well.

Problem 3. Show that
Z(t)- A = ||L|> — GMm?|| Z(t)]|

by showing that
Z(1)- (p(t) x L) =L-L= |L|*
Problem 4. Show that
L-Z(t)=L-A=0,
so both Z(t) and A lie on the plane orthogonal to L, called the orbital plane.

Problem 5. After changing coordinates on the orbital plane such that A is a scalar multiple of
e1 = (1,0), and writing 2 (¢) = (x(t),y(t)), use Problem 3 to show that

(G*M*m* — [|A[]*)2(t) + G2MPm y? (1) + 2| L|* | Afla(t) = |L|*.

Notice that this is an equation of a conic section. Use this to show that Z(¢) must be an ellipse by
showing the following fact: our assumption that the total energy E is negative implies that

|#@) < 2"
T < —
E|

This concludes our derivation of Kepler’s First Law.

Deriving Kepler’s Second Law

We now introduce some standard notation from classical geometry. Let R and r be the maximal
and minimal lengths between the origin and 2 (¢) respectively. Then the semi-major length of 2 (t)

is defined to be
R+

a Y
2

and the semi-minor length is defined to be

R—
b=av1—e2 where e = "

R+r

The quantity e above is usually called the eccentricity of Z(t). By standard single-variable calculus
we have the following assertions.
e The area of the ellipse determined by Z(t) is wab.
e There exists a number u such that
d| | -
—| || Z ()] =0,
SNEC]

u

so in particular @ (u) is perpendicular to @’ (u).
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I will not ask you to show these facts, but you should convince yourself why they are true if you
have not seen them before.

Problem 6. Choose u as above such that

|2l = 5| 1] =0

Show that
L] = [ Z®)[Ip@)]]

Bl # () + M| ) - LZO]

and
=0

2m
Consequently, show that
|A| = mE(R —r) = GMm?e
and that the direction of A points from the origin of the orbital plane to the point of closest
approach of Z(t) to the origin.

Problem 7. Let a(t) be the area the line connecting the star and the planet sweeps out from time

0 to time t. Show that
d o _ Ll

—a(t) =

dt ®) 2m’

and explain how this can be used to derive Kepler’s Second Law, by showing the following fact:
the area swept out from time ¢ to ¢t + A, for delta very small, is approximately a triangle with area

1 —> —>
SIE@) x #(t+ D),

and linear approximation tells us that this quantity is approximately

S EOPELOl]

Deriving Kepler’s Third Law

Let P be the period of Z(t), which is the time it takes to completely sweep out the ellipse determined
by Z(t) once. By Problem 7, we know that

wab = MP.
2m

Problem 8. Use Problem 6 to show that there is a real number v such that

Z(v)- A =a(l-e)|Al,

where b is the semi-minor length. Consequently, use Problem 3 to show that

L]
l—e)=————
a(l —e) GMm?2(1+e)’
and use this formula and Kepler’s Second Law to derive Kepler’s Third Law:
472
P? = ——d°.
oM

Notice that a is the radius in the case where Z(t) is a circle, reducing Kepler’s Third Law to a
formula which you may have seen in high school physics.
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