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In this note all quadratic forms are assumed to be nondegenerate.

1 Quadratic forms and local-global principles

The local-global problem for quadratic forms is a very classical problem in number theory that motivated a
lot of what people currently do in this area of mathematics. The purpose of this talk is to go back to the
roots and explore this problem using modern languages and tools.

Let f be an integral quadratic form (that is nondegenerate), so

f= Z:CL”)Q2 + Z 2(1ijij, i, Ak € Z.
i j#£k

There are two other ways to think about quadratic forms.

e For any f, associate to it the symmetric matrix Ay = (oy;) with a;; = ai; and 205, = a;y, for j # k.

e If f is positive definite, associate to it a lattice of rank n, the number of variables in f, spanned by

vectors vy, ..., v, with (v;,v;) = a;; and 2(v;, v;) = ajy, for j # k.
Define the class cl(f) of f to be the collection of all integral quadratic forms f’ that are equivalent over Z,
i.e. such that g'fg = f’ for some g € GL,(Z), and define the genus gen(f) to be the collection of all integral
quadratic forms f’ that are equivalent over R and Z,, for all primes p (but not necessarily over Z; this is the
point of the talk!). Clearly
gen(f) = || el(fo),

i€ly

where f; is a set of representatives in the genus of f. We define the number of classes ¢(f) of f to be the
cardinality of Ir. Sometimes people refer to Z as the “global ring of integers”, while they refer to R and
Z,, as the “local ring of integers”. The p-adic integers are sometimes called “nonarchimedean” and the real
numbers “archimedean” for elementary reasons to do with the triangle inequality.

If one were to work over the field of fractions Q of Z and define the analogous definitions by taking the
field of fractions of every ring above, then things will be boring: the local-global principle of Hasse and
Minkowski tells us that in this case every genus has precisely one class, or in other words, that two integral
quadratic forms over Q are globally equivalent if and only if they are locally equivalent! (See the exercises
in [1] for more information.) However, when we work over Z, this is not always the case.

Example 1. Consider the quadratic form f = 522 4+ 11y2. Then the quadratic form
f/ _ 1‘2 4 55y2
lies in the same genus and in a different class of f. To see this, consider

A

Then ¢} fg1 = f" and g5fge = f’. Since g1 € GL3(Z,) for all p # 2 and g2 € GLa(Z2), we see that f and
f! are in the same genus. However, a direct computation shows that there does not exist g € GL2(Z) such
that g'fg = f’, so they cannot be in the same class.



Let us recall that there is a brute-force way to determine the number of classes of a binary quadratic
form f over Q (algorithms also exists for ternary quadratic forms, and possibly higher order ones). Namely,
write down all the classes forms equivalent to f under SLs(Z) (which is bounded by the class number of
Q[+/disc(f)]), identify those equivalent under GLo(Z), and check pairwise if they are equivalent under Q and
Z,. Using this method, one can show that c(f) = 2 for the form f = 522 + 11y? in the previous paragraph.
We can also verify this using Siegel’s mass formula (see next part).

In this talk I hope to talk about various results on how to count ¢(f). Hopefully this first introductory
part illustrated the problem well enough. In the second part we provide examples of Siegel’s mass formula,
which counts the genus of quadratic forms via weighted sums by means of its Z-automorphism group. In
the third and last part we will explain how ¢(f) is the the class number of the adelic orthogonal group.

2 Enumeration of the mass via Siegel’s Mass Formula

2.1 Overview of the mass formula

Let f be an integral quadratic form, and preserve the notations ¢(f) and Iy from before. The mass formula
does not compute ¢(f) but instead a variant of it, weighting each class by the size of its automorphism group.
Let us define

O4(Z) = {g € GLa(Z) : g'Ayg = Ay}

Definition 2. The mass of f is defined to be

Theorem 3 ([2, Equation 2]). If f has dimension n > 2, then

m(f) = 27"t/ H r (;) [T (),

j=1
where my,(f) are the p-masses of f.

A proof of this is somewhere in the literature; for example, see [7] for the case of lattices in general
number fields. For n > 1 there might be an analog of Siegel’s mass formula somewhere, but in this case one
sees easily that it essentially boils down to computations using Hensel’s Lemma and quadratic reciprocity.

In this note we are interested in using this to compute some examples. Let us now define m,,(f), following
[2, Section 5]. By the Jordan decomposition theorem one can write

f= qu(b
q

where ¢ are powers of p and f, has discriminant prime to p (see [8, Theorem 1.8.2]). Then

i\ n(@)n(q’)/2
mo() = [T Mo(f) TT (q) 2

q<q’ a4
where ¢ and ¢ ranges over all powers of p. The number n(g) is the dimension of the form f,, and

[2(1 —p H1—-pH---(1 _pl—”)} -1 if n is odd,

My(fa) = [2(1 —p A =p (1) (1 - ((_1);_%‘1)17_"/2)] T it even

Here n is the dimension of f and d, is the discriminant of f;. Also, the “fraction” in the second expression
is the Jacobi symbol.



For n = 2 one has the formula

n(q)n(q’)/2
) Qn(l,l)fn(II)

/

ma() = [T TT (4

a q<q’ 4

where ¢ and ¢’ are the same as before. The factors M(f,) are difficult to compute and we will not need

them here; see [2] for more information. The definitions of n(I,I) and n(II) are as follows. If f, represents

an odd 2-adic integer, then it is of Type I, and of Type II otherwise. Then n([l,I) is the total number of

pairs of adjacent constituents (f,, faq) that are both of Type I, and n(II) is the sum of the dimensions of

all f, that are of Type II.

For convenience we now define standard mass. Write n as 2s or 2s — 1, where n is the dimension of f.

Also write D = (—1)°d, where d is the discriminant of f. Then we define
-1

stdp(f) =20 —p )L —p™) - A =p" )L —p®)]

where
0 if n is odd,

= (H)d> if n is even.
p

Note that if p is an odd prime not dividing the discriminant of f, then m,(f) is equal to std,(f). If all the
p-masses took their standard mass, then m(f) will take the value

n N s—1
27T—n(n+1)/4<D(3) r{ I (;) I}_[l <(2]€),
j= =

where the factor {p(s) is omitted when n is odd, and if n is even
1
ey
P 4
A list of values of (p(s) for small D and s can be found in [2, Table 6].

Example 4. Let us compute the mass of the genus corresponding to the quadratic form f = 22 + 5532 from
the previous part. In this case n = 2 and s = 1. It is readily seen by definition that

mp(f) = 1 p#2757117

2(1- (29p)

since the Jordan decomposition of f in this case is trivial. For p = 5 one can write f = 22 +5- 1132, and

2 1 /56 Vil
m(f)—;'1'7'7'@55(1>
From [5, Chapter 6] one has
55
s —55 47
_55(1) = —— k = ,

SO

m(f)=1/2.
A computation tells us that both quadratic forms in Example 1 have automorphism groups of order 4,
agreeing with our computation in this example.

Note that the automorphism groups of classes in a genus may have different orders; see [2] for examples
such as 722 + y? + 22 and 722 + Ty? + 22, having automorphism groups of orders 16 and 8 respectively.



2.2 Unimodular lattices

In this section f will be an even unimodular positive definite quadratic form, and we also view f as a lattice
I's. Let us now explain what even and unimodular means. The lattice I'y is even if all norms are even. To
the lattice I'y one can define its dual lattice

;Z{yER”:x-yeroraﬂer‘f}.
The lattice I'y is unimodular if I'; = I'y. One can prove that
vol(I'y) vol(T'}) = 1.

Thus unimodular lattices have volume 1. See [6] for more information on lattice theory. We now prove the
following key proposition.

Proposition 5. If f is an even unimodular positive definite quadratic form, then n = rankI'y must be
divisible by 8.

Proof. Write ¢ = e*™7. Associate to I'y its theta function
1.
oFf(T) = Z quma
zel'y

which is a holomorphic function on the upper half plane. (In fact it is a modular form of weight n/2).

We first show that ) P
T n
o, (1) = (5 o

By the identity theorem from complex analysis, it suffices to show this when 7 = it with ¢ > 0. Now, using

Poisson’s summation formula
1 N R
Z f(i’?)zm Z fly) = Z f)

z€ly yer; yely
and recalling that the Fourier transform of e2™(##)/2it — g=m(z-2)/t i5 (\/)re=m YY) one sees that
1
eFf (_Zt) — tn/2 Z e—mﬁyy _ tn/29Ff(Z~t)’
yel'y

as desired.
Recall that there is the standard action of SLs(Z) on the upper half plane, and this matrix group is

generated by
0 -1 11
S = [1 0 ] and T= {0 1]

satisfying (ST)*r = 7. Then, since 0, (T7) = 0p,(t + 1) = 0, (7), the identity shown in the previous
section implies
.

Or, (TST) = (;)”/ “or, (7).

We now show that n = rankI'y must be divisible by 8. Suppose otherwise. Then, by substituting I'y with
Iy LTr;orTy LTy LTy LT, we can assume n = 4 (mod 8). The above identity then yields

Or, (TST) = (—1)"/27"20p (1) = —7"/20p, (T).
A repeated application tells us that
Or, (1) = Or, ((TS)ST)
= - ((TS)QT)H/2 (TST)"/2 T"/29Ff (1)
n/2
__ <T__11 g .T> " o)
= —0r,(7),

a contradiction. O




Using this, we are now ready to state Siegel’s Mass Formula for even unimodular lattices.

Corollary 6. Let [ be an even unimodular positive definite quadratic form of dimension n. Then

m(f) = mf (;)F@) '--F(g)<(2)<(4>---<(n—2)g(g)

n/2—1
_ Bup /H Ba;
noo 45"

where Bj are the Bernoulli numbers defined by

x =
v —1 ZB"H'

Proof. As the Jordan decomposition is trivial in this case (the determinant of the quadratic form is 1) one
sees that m,(f) = std,(f) for p # 2, and mo(f) = 27" stda(f). (For the situation in hand n(I,I) = 0 and
n(II) = n.) Note that the factor (p(n/2) equals 1 here, giving us the first equality. The second equality is
due to the special values

— | 5 ﬂ.Qk

see [5] for more information. O

The mass formula for even unimodular positive definite quadratic forms is rather interesting in this case
because of the following folklore theorem.

Theorem 7. All the even unimodular lattices of a given rank forms a single genus. Thus we can define

n/2—1
Bn/2 Bs;
Mn)=—"£2 T 22
m==2 11

to be the mass of the non-equivalent classes of even unimodular lattices of rank n.

Proof. See [9, Section 92]. O

We recall that the Bernoulli numbers are all rational, and Bsiy1 = 0 for all positive integers k. Here are
a few nonzero Bernoulli numbers:
1 1 1 1 7 854513
By =1 By =—- By =~ By=—— Bg = — By =—— = )
0 ) 1 27 2 67 4 307 6 427 14 6) 22 138
The Bernoulli numbers grows rapidly as n — oo. In fact, by the formula for {(2k) and Stirling’s formula

n n
n! ~ V2mn (7) ,
e

together with the fact that {(n) — 1 as n — oo, one sees that
5\ 2k
|B2k|N4V7Tk <> .
e

Hence it should not be surprising that M (n) grows rapidly as n increases.

Example 8. The root lattice of the exceptional lie group Fjg is an even unimodular lattice with automorphism
group the Weyl group of Eg. This group has order

696729600 = 24 . 3% .52 .7,
which equals M (8)~!. Hence there is a unique even unimodular lattice of rank 8 up to equivalence!

Example 9. In dimensions 16 and 24 there are 2 and 24 even unimodular lattices up to equivalence respec-
tively (see [3] for the classification). The classification of even unimodular lattices is near impossible after
this point though, since Siegel’s mass formula grows rapidly as the dimension increases. For example, M (32)
is more than 40 million, so there are more than 80 million such lattices of rank 32!



3 Reinterpretation of the genus via the orthogonal group

In the third part of this note, K will always be a number field.

3.1 The class group

The orthogonal group over Z parametrizes the automorphisms of a quadratic form. We will see that we can
use the class number of the same algebraic group to measure the size of the genus of a quadratic form.

Definition 10. Let G be a linear algebraic group (with a fixed embedding into GL,, for some n). Then its
class group over K is defined to be

ClG) == G(AR) \ G(Ak)/G(K),
where Ay is the ring of K-adeles, and A% = Hv)[oo O, HU‘OO K,.

The definition above generalizes the classical notion of a class group with G = GLj; see [10, Chapter
8] for more information and examples. The class group of a linear algebraic group is always finite, but in
general the class group of an arbitrary algebraic group is not always finite; see [4, Example 1.5]. We will
need the following theorem in what follows.

Theorem 11. SL, satisfies absolute strong approximation, i.e. SLy(K) is dense in SL,,(Ak f), where A ¢
is the ring of finite adeles.

Proof. See [10], where strong approximation is proved in much greater generality. O
The main purpose of this section is to understand the following statement.
Corollary 12. #CI(SL,) = 1.

Proof. In fact, we show that any linear algebraic group G satisfying absolute strong approximation has
cardinality 1. Since G satisfies absolute strong approximation, G(Ag, ;)G k is dense in G(Ag). Therefore
the open set G(A% )z intersects G(Ak )G nontrivially for any x € G(Ak), and consequently

G(Ak) = G(AR)G(Ak 1)Gr = GAR)G K,

where the second equality is because G(Ag,f) C G(A%). This implies G(Ax) has exactly one double coset,
so #CU(G) = 1. O

3.2 An enumeration of the classes

Let G C GL, be a linear algebraic group acting on an affine m-dimensional variety X. If z and y lie in
the same G(Of)-orbit of X(Of), then they clearly lie in the same G(K)-orbit of X (K), and G(O,)-orbit
of G(K,), for all finite place v. A naive local-global problem we can ask if the following: does the converse
always hold? As we have stated, one will expect that it usually does not hold, and consequently ask for a
measurement of the failure of this local-global problem. Let us now generalize all the definitions in the first
part of this note.

Definition 13. Let Let G C GL,, be a linear algebraic group acting on an affine m-dimensional variety X,
and let x € X(Ok).
e The genus gen(z) of x is the collection of all y € X (Ok) such that y = gk for some gx € G(K), and
y = gy for some g, € G(O,) for all finite places v.
e The class cl(z) of x is the G(O )-orbit of .

o If one writes
gen(a) = | | dl(f.)
iel,

for some set of representatives f, in the genus of x, then fg(x) is defined to be the cardinality of I.



Remark. Note that we have left out the infinite places, but this is perfectly kosher: two integral quadratic
forms that are equivalent over Q are also equivalent over R, and the Hasse and Minkowski local-global
principle implies that two integral quadratic forms equivalent over R and Z, are also equivalent over Q.

Theorem 14. Let G, = {g € G : gx = x}. Then fo(z) is the number of double cosets G, (A% )9G.(K) of
Gy (Ak) which are contained in G(AR)G(K). In particular, fa(z) is finite.

Proof sketch. Let @ be the quotient set obtained from gen(x) by identifying elements belonging to the
same class. We will construct the bijection between 0 and the set M of double cosets G,(A%)9G.(K)
of G, (Ak) contained in G(AR)G(K), and leave the verification to the reader (see [10, Theorem 8.2]). Let
J = G.(A%)9G(K) € M, and write g = googr With goo € G(A%) and gx € G(K). Defining y, := gk,
the bijection § : M — @ is given by 6(g) = y,. O

Recall that ¢(f) is the number of classes in the genus of a quadratic form f.

Corollary 15. If f is a nondegenerate integral quadratic form over Ok, then c(f) = #CU(Oy), where recall
that
Of = {g € GL,, : gtAfg = Af}

Proof. Let X C A™ be the variety of n X n symmetric matrices, and consider the action of G = GL,, by
g(z) = g'zg. Clearly Gy = Oy. If we can show that Of(Ag) C G(AR)G(K), then we are done by the
theorem above.

For each finite place v, clearly G(O,) contains a matrix with determinant —1, so any element t € O¢(Ag)
has st € SL,, (Ak) for a suitable element s € G(A%). But we know that #CI(SL,(K)) = 1 as SL,, satisfies
absolute strong approximation, so st = s Sx for some sy € SL,(A%) and sk € SL,(K). In particular,

t =5 's008K € GAR)G(K),

as desired. O

3.3 A good parametrization of the classes

Until now we have largely avoided using the language of lattices except in dimensions dividing 8. We now
briefly describe how to use this language to achieve an honest parametrization of the classes in a genus by
means of the adelic special orthogonal group.

Theorem 16. Let L be a lattice in V = K". If v is a finite place of K, write L, := L @0, O,.

(a) A lattice is uniquely determined by its localizations, i.e L ={),,..(V N Ly,).

vtoo
(b) If M is another lattice, then L, = M, for almost all finite v.

(c) For every v, let N, CV ®k K, be local lattices. If N, = L, for almost all finite v, then there exists a
unique lattice M C 'V such that M,, = N,, for all finite v.

Proof. See [10, Theorem 1.15]. O

Let £ be the set of all lattices in K™. Then the previous theorem defines an action of GL,,(Ax) on £ as
follows. If g = (g,) € GL,(Ak) and L € L, then g, € GL,(O,) and L, = O} for almost all finite places
v, implying g, L, = L,. One then defines gL to be the unique lattice M such that M, = ¢, L, for all finite
places v.

Now, view a quadratic form in n variables as a map ¢: K" — K, and let

G?={g€8S0,:9po0g =0}

be the group of determinant one invertible linear maps preserving the quadratic form ¢. If A is a lattice in
K™ endowed with the map ¢, we can still define its genus and class as in Definition 13 (using the action of
the previous paragraph) by letting G = G¥.



Proposition 17. With notations as above, if Dn C G¥(Af) is the stabilizer subgroup of A under the action
of GL,(Ak), then we can parametrize the classes of A in its genus by the double quotient

GP(K)\ G*(Ak)/Da.

Proof. The correspondence between G¥(K) \ G¥(Ak)/Dy and the classes of A is given by g — gA, and
one easily sees that this is a bijection. O

The above proposition is the starting point towards a proof of Siegel’s mass formula for lattices via adelic
integration on algebraic groups (see [7]).
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Unimportant Remarks. Let us now list some fun comments.

The Hasse and Minkowski local-global principle for rational quadratic forms can be compared to
Liouville’s theorem in the following sense. If one asks for an example of Liouville’s theorem, the
number 7 is sufficient.

In my opinion, there are a lot of surprising results in the theory of integral quadratic forms. We have
talked about Siegel’s mass formula and the fact that even unimodular lattices have dimension divisible
by 8. Some other ones are the 15-290 Theorems, and higher composition laws via Bhargava’s cube.
The growth of Siegel’s mass formula is nothing compared to that of the Goodstein sequences G(n). For
example, G(3) = 6 due to the following computations:

3=1-2141.2°
(1-3"+1-39) —1=1-3%
1-41)-1=3.4°
3-5%) —1=2-5"
2-6") —1=1-6"
-7 —-1=0.

However G(4) = 3 - 9402653211 _ o
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