COMPLEX ANALYSIS CRASH COURSE

YAO-RUI

We present some complex analysis necessary to understand classical number-theoretic things like Riemann
zeta, gamma function, elliptic functions, modular forms and so on.

1. COMPLEX DIFFERENTIATION

Recall that the norm of a complex number z = x + yi is |z| = /22 + y2. This can be checked to satisfy
positive definiteness, absolute scalability with respect to C, and the triangle inequality.

Definition 1.1. Let f : C — C be a complex function. This function has a limit A as z tends to zg, written

lim f(z) = A,

zZ—20

if the following holds: for all € > 0 there exists 6 > 0 such that |z — z9| < ¢ implies |f(z) — f(20)| < €. The
function f is said to be continuous at zg if lim,_,,, f(2) = f(20).

Recall that the conjugate of a complex number z = x + yi is defined as Z = x — yi. We also define the
real and complex parts of z as R(z) = z and J(z) = y.

Proposition 1.2. Iflim,_,,, f(z) = A, then lim,_,., f(2) = A. Consequently, lim,_,,, f(2) exzists if and
only if lim,_,., R(f(z)) = R(A) and lim,_,,, S(f(z)) = S(A).

Definition 1.3. The derivative of f at zy is defined to be

f/(ZO) .— lim f(Z) — f(ZO) )
Z—Z20 Z— 20

It exists if and only if the right hand limit exists. If f'(zo) exists for all zy € D for some open set D C C,
then we say f is analytic, or holomorphic, at D. If f'(z) exists for all 2y € C, then we say f is entire.

The usual limit and differentiation rules still hold. For example, differentiability implies continuity. In
fact, we will see later on that if f/(zo) exists, then f(™(zy) exists for all n > 1, so once-differentiability
implies smoothness in the complex case.

Proposition 1.4 (Cauchy-Riemann equations). Write f(z) = u(x,y) +iv(x,y). If f is analytic at a point,
then over there u and v satisfies

Oou Ov ou v
— = and —=—=.

dr Oy y or
These are known as the Cauchy-Riemann equations. Conversely, if the first order partial derivatives of u and
v exists and are continuous, and furthermore satisfies the Cauchy-Riemann equations, then f is analytic.

The proof is an easy computation. To prove the first claim, we differentiate f along the real and imaginary
axes. This gives us

flz+h)—f(z) _0f _0Ou  .0v

! . s @ Z O eI — Y =

fi(z) = lim h dr 0z oz’

oy — i JEFI) = f() _ Of _ Ou v
F(z) = Jim, ih T oy oy Ty

Equating the two equalities gives us the Cauchy-Riemann equations. To prove the converse, note that

. N
lim (u(@ + b, y) - u(z,y)) = h-u(z,y)

. 0 0

1



where by continuity of the partial derivatives e; exists and can be chosen to tend more rapidly than h to

zero. Therefore P 5
u(w +hoy +K) — ule,y) = hgo + kg,

where ¢; exists and again can be chosen to tend more rapidly than h + ¢k to zero. By the same reasoning
there exists €5 with the same property as €; such that

ov ov
v(@+h,y+k)—v(z,y) = h% +k57y + €2.
Consequently, by the Cauchy-Riemann equations, we can write
. Oou .Ov . .
fz+h+ik)— f(z) = (833 +28x) (h +ik) + €1 + iea,

so that
f(z4+h+ik)— f(z) Ou .Ov

im =—+i—.
h+ik—0 h+ ik Ox Ox
This implies f/(z) exists at all points in the domain, so f is analytic.
As a side remark, the Cauchy-Riemann equations are sometimes written more compactly as df/0z = 0,

wher
- L% ma U L(22)
0z 2 0z 2 '

or oy oz + dy
Notice that the Cauchy-Riemann equations already distinguishes complex analysis with analysis of real
functions. For example, the function z — Z is differentiable in the real sense as it is simply (z,y) — (z, —y),
but not in the complex sense as it fails to satisfy the Cauchy-Riemann equations.

Recall that the argument argz of a complex number z = x + yi is defined to be the angle from the
positive z-axis to z such that tan(argz) = y/x. The argument satisfies arg(z122) = arg(z1) + arg(z2), and
by convention arg z € (—, 7). Also recall that, by Euler’s formula, every complex number z = x + yi can be
written in the form z = re® = r(sin 6 + i cos ), where r = /22 + y2 and 0 = arg z + 27n for any integer n.

Corollary 1.5 (Polar Cauchy-Riemann equations). Let us write f(z) = u(r,0)+iv(r,0) in polar coordinates.
The Cauchy-Riemann equations can be written in polar coordinates as
Ju  Ov ou v

?"E =50 and 20 = r o

Further, the derivative of f can be expressed as

o [ Ou ov
/ ___—1i0 .
Jle)=e (6‘7’—’—287*)'

The proof of this is left as an exercise on computation in polar coordinates.

2. COMPLEX LOGARITHM AND TRIGONOMETRIC FUNCTIONS

Definition 2.1. The (multi-valued) logarithm is defined to be log z := Inr +14(0 4+ 27n), where n ranges over
the integers and 6 = arg z. The principal branch of the logarithm is defined to be Log z := Inr + if.

The logarithm is well-defined if we restrict our domain of the argument to (o, + 27| for some real

number «, and it satisfies €l°8% = z.

Definition 2.2. A branch of a multi-valued function f is the restriction of it to some domain such that it
is well-defined and analytic over there. A curve C' is a branch cut if its complement is a branch of f.

Example 2.3. The principal branch of the logarithm Log is analytic at C\ (—oo, 0] by the polar Cauchy-
Riemann equations, and is not well-defined at (—o0,0] due to the periodicity of the complex exponential.
Hence Log is branched at C\ (—oo, 0] with branch cut (—oo, 0].

Similarly, (o, & + 27] is a branch of log, with branch cut the ray {ka : k € R>¢}. We can also consider
the various translations and composition of functions to get weird branches and branch cuts of log.

The logarithm satisfies all the usual properties as in the real case, as one might expect. We still have
log(z122) = log(z1) + log(z) and log(z; ') = —log(z1). The only difference is that we need to specify a
branch for this to make sense, and the argument should be taken modulo 27 with respect to the branch cut.
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In the future, we shall be most interested in using the principal branch of the logarithm. Further, the
exponentiation of two complex numbers z7? is understood as short-hand for
272 = e*? Logzi
Notice then that complex exponentiation is also defined everywhere except at a ray outwards from the origin.

Definition 2.4. The sine, cosine, and tangent functions are defined as

iz efzz zz + efzz SiH(Z)
sinzg ;= ———, cosz = 7, tan z := .
24 2 cos(z)
Their inverse counterparts are defined as
1 1 ¢ 1
csCz 1= ——— secz = cot z := .
sin(z)’ cos(z)’ tan(z)

Their hyperbolic counterparts are defined as

e*—e”? e’ +e”? sinh(z
sinhz :== —— cosh z := ;, tanh z := ( )
cosh(z)

2
It is not hard to see that, just like the logarithm, they reduce to the usual cases in the real case using
Euler’s formula. They also satisfy all the usual trigonometric identities and differentiation relations, which
we will not rewrite here. Let us note two that might be useful in the future.

Proposition 2.5. Writing z = x + yi, we have the trigonometric identities

1
| cos z|2 = sinh? y + cos? z = cosh? y — sin® & = 5 —(cosh 2y + cos 2z),

1
|sin z|? = sinh® y + sin® # = cosh? y — cos® & = §(cosh 2y — cos 2x).

3. LINE INTEGRALS AND CAUCHY’S CLOSED CURVE THEOREM

Definition 3.1. Suppose f(t) = u(t) + iv(t) is a continuous function on an interval (a,b). Then we define

/f t)dt _/ (t)dt—f—/:v(t)dt.

If f: C—C is a continuous complex function, and 7 : [a,b] — C is a piecewise differentiable arc on (a,b)
with f defined on the image of v, then its line integral is defined to be

L f= / fe)az = [  Fa) B

Notice in the above definition of the complex integral we used proposition 1.2 to deduce that u(t) and
v(t) must be continuous as well, so the integral is well-defined as continuous functions are integrable. The
line integral satisfies several important fundamental properties.

Proposition 3.2. If f : C— C be a continuous complex function, and let v : [a,b] — C be a piecewise
differentiable arc with f defined on the image of 7.

(a) The line integral is additive and linear in C, i.e. if g is another continuous complex functions and ¢ € C
then [(f+9) = [ + [, g and [,(cf) =, .

(b) If we divide ~y into a finite number of subarcs y1 + -+ + Y, then fv f=> fv I

(¢) The line integral is invariant under a change of parameter, i.e. if 7 : (a0, 8) —(a,b) is an increasing
piecewise differentiable function, then f,y f= f'yO‘r f.

(d) Let —v be the inverse arc defined by —v(t) :=y(a+b—t). Then f_ﬂ{ f= —f,y f.

(e) Suppose |f| is bounded by a real number M. Then ‘f,y f‘ < M|y|, where || is the arc length of .

(f) Suppose {fn} is a sequence of continuous functions that converges uniformly to f on . Then

[ 1=t [ o
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(g9) Suppose Y .o a; is a complex series that converges. Then

/Wf(z) <i_§:ooai> dz _1_700 (/f )

(h) Suppose f is the derivative of an analytic function F. Then f,y f=F(y(®) — F(v(a)).

The proof of this proposition is a good exercise in calculus. We will do part 9¢), leaving the remaining
ones as an exercise. To prove part (c), we use the chain rule to see that

L ) / O A ()7 (1)t

- / f () 7' (w)du
[

As for part (f), letting € > 0, by assumption there exists a positive integer N such that |f(z) — fn(2)] < €
for all n > N and all z lying on . Then part (e) tells us that

—Lfn

for all n > N. This gives us what we want.
We now give some other definitions of line integrals that we will use sparingly.

<|f = fallv] < el

Definition 3.3. The integral of v with respect to arc length and conjugation are respectively written as

[r@md = [ so@ioi e [ seE- |7

The line integral of f with respect to x, or y, are written respectively as

Lfdx:;(Lfdz+wa) and Lfdy:;i(Lfdz—wa).

The reason we introduced this integral is because we want to prove the main theorem of line integrals in
the complex case, i.e. when a line integral only depend on its end points. This is answered as a corollary of
the following theorem of two real variables. Recall that connected open subsets of R™ are path-connected.

Theorem 3.4. Let p and q be continuous functions in two variables, and let v : (a,b) — R? be a piecewise
differentiable arc with p and q defined on the image of y. Also let D be a connected subspace of R? containing
im~y. Then the line integral f,y pdx + qdy, defined in D, depends only on the end points of v if and only if
there exists a function U(z,y) defined in D such that OU/ dx = p and OU/ dy = q.

The essential part of the proof of theorem 3.4 is the computation

/f?dm + qdy = /ab (m’(v(t))aag + y/('y(t))gg> dt

b
S L CIORTCIONE,
= U(z(7(0)),y(+(0))) = U(z(v(a)), y(v(a))),

where we have used the fundamental theorem of calculus in the last line.

Corollary 3.5. The line integral fv f depends only on the end points of v if and only if f is the derivative
of an analytic function F in its domain.

The proof of this corollary is simple given theorem 3.4. To prove the forward inclusion, the theorem
above gives us an F with OF/ 0z = f(z) and OF/ 0y = if(z). This implies, after writing F = U + iV, that
ou 8V _ou oV
o lor = f(z) =— Biy + EvR
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which are the Cauchy-Riemann equations. Hence F' is analytic by theorem 1.4 since f is continuous. The
backward inclusion is immediate by the theorem above after identifying the complex plane C with the real
plane R?, since fv f= fv fdx +ifdy.

As another application of theorem 3.4, we introduce harmonic functions in the following example.
Example 3.6 (Harmonic functions). A real function u(z,y) in two variables is harmonic if it is a twice
continuously differentiable function that satisfies Laplace’s equation, i.e. if Au = & u/ 8z + & v/ dy? = 0.

A harmonic conjugate of w is another harmonic function v(z,y) such that u + v is an analytic function,
or equivalently that u and v satisfies the Cauchy-Riemann equations. Note that a harmonic conjugate of u

always exists by considering
(@y) 9 9
/ ~ s, tyds + L(s, )dt.
(z0,90) 8t 88
In fact, theorem 3.4 tells us that we can integrate along any path that starts at the fixed point (zg,yo) and
ends at (z,y).

Unlike the real case, there is a second main theorem of complex line integrals, called Cauchy’s theorem,
which we state below. We sometimes call it Cauchy’s theorem for closed curves to avoid confusion with
Cauchy’s integral formula in the next section.

Theorem 3.7 (Cauchy). Let D be an open disk.

(a) If f is analytic in D, then f,y f =0 for every closed curve v in D.

(b) Suppose f is analytic in D', where D’ is obtained from D by omitting a finite number of points p;. If
[ satisfies the condition lim,_,, (z —p;)f(2) = 0 for all j, then fv f =0 for any closed curve v in D’.

A partial converse to the first part of Cauchy’s theorem, called Morera’s theorem, will be proved in the
next section after we look at Cauchy’s integral formula. As a preliminary to the proof of Cauchy’s theorem,
we consider the case when D is a rectangle. In the next three lemmas, R will be the rectangle defined by
[a,b] x [¢,d] C R%.

Lemma 3.8. [,.(az+b)dz =0 for any a,b € C.
The above lemma is a simple exercise using corollary 3.5.
Lemma 3.9. If f is analytic in R, then faRf =0.

Proof. We use the method of bisection. Divide the rectangle R into four equal regions as shown.

(a,d) (b,d)

— —
Ry Ry
— —
— —
Rs Ry
— —

(a,c) (b, c)
We use the basic properties of integration (proposition 3.2) throughout our proof without mention. If we
define I(R,) = [, f, then I(R) = Z?Zl I(R;). Furthermore, we must have |I(R;)| > |I(R)|/4 without
loss of generality. By bisecting R; in the same way, and iterating, we have a sequence of nested rectangles
RO Ry DRs DD Rypy1 D+, defined up to relabeling, such that
[I(R)
((Ran+1)l 2 g

Note that, if we write |R| to be the perimeter of R and dg to be the diagonal of R, then |Ry, 41| = |R|/2"H1
and dpg,, ., = d/2"".

Clearly our chosen sequence of nested rectangles converge to a point » € R. Hence, for every € > 0 there
exists 0 > 0 such that if |z — 7| < 4, then




By lemma 3.8, f8R4n+1 f(r)dz = f8R4n+1 (z = r)f'(r)dr = 0. Hence the inequality tells us that

/ o SO0 =) < .

implying that |I(R)| < ed|R|. Hence |I(R)| = 0 as € is arbitrary, as desired. O

[ (Ran+1)| =

Lemma 3.10. Let f be analytic on the set R', where R’ is obtained from R by omitting a finite number of
interior points pj. If lim, ., (z — p;) f(z) =0 for all j, then [y, f = 0.

Proof. It suffices to consider the case of a single exceptional point p;, since we can subdivide R’ into this
case (and use part (d) of proposition 3.2). Divide R’ into nine possibly nonequal rectangles as shown, and
call the center rectangle Ry.

(a,d) (b,d)

e Dj

(a,c) (b, c)

Applying lemma 3.9 to all but the rectangle Ro, we see that [, f = [, f. By assumption, if ¢ > 0 then
we can choose Ry to be a square and such that
€

FEI < o
|2 —
as z ranges over ORy. Hence, as |0Ry| < 8|z — p;|, we see that

1
/ fl< e/ |dz| < 8¢
AR R, |2 — Pjl

This implies what we wanted, since € was arbitrary. O

With this we are now ready to prove Cauchy’s theorem for closed curves.

Proof of theorem 3.7. (a) Let ¢ = (zo,yo) be the center of the disk D. Then clearly any rectangle with a
corner at ¢ with diagonal inside D will lie inside D. Define the function F(z) := fUl f(2)dz, where o7 consists
of two straight line segments connecting (o, yo) to (x, yo) to (z,y). We see immediately that OF/ dy = if(z),
since [ f = [, fdx+ifdy. Lemma 3.9 then tells us that o1 in the definition of F' can be replaced by
the path og, which consists of two straight line segments connecting (xo, %) to (zo,y) to (z,y). Hence
OF/ 0x = f(z). This implies F is analytic by a same proof used in corollary 3.5, implying the choice of path
is redundant by the same corollary.

(b) Note that there exists a curve o like the solid one drawn below that misses all the points p; as there
are only finitely many of these points.

g1 I

As before we define F(z) := fUl f(2)dz, with OF/ 0y = if(z). Three applications of lemmas 3.9 or 3.10 then
tells us that [ f(2)dz = [ f(2)dz, so that OF/dx = f(z). The result follows. O

The integral over any closed curve is not always zero, as we will immediately see in the next section.
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4. CAUCHY’S INTEGRAL FORMULA

Definition 4.1. Let v : (a,b) — C be a piecewise differentiable closed curve that does not pass through a
point zy Then the winding number of v about zg is defined to be

1 1

2mi

(7, z0) = dz.

,YZ—ZO

Proposition 4.2. The value of (v, z0) s always an integer.

Proof. Consider the function

AR A0)
h(t) = / Ol

It is defined and continuous on [a, b], with derivative
(1)

P'(t) = ————
T
whenever +/(t) is continuous by the fundamental theorem of calculus. By the chain rule, this implies that

the derivative of g(t) := e~"®)(v(t) — z9) vanishes except at a finite set of points corresponding to the points
that +' is not continuous at. In any case, since g(t) is continuous, it implies g(¢) is a constant. Hence

oy _ Y — 20
v(a) — 2o
As y(a) = 7(b), this implies e "(#) = 1, s0 h() is a multiple of 27r. Since h(B) = 27(7, 20), we are done. [

The winding number 7(v, z¢) relates to the topological notion as follow.

Proposition 4.3. The following properties for n(vy, zo) holds.

(a) n(=v,20) = —n(7, 20)-

(b) If v lies inside of an open disk, then n(vy,p) = 0 for all points p in the complement of the open disk.

(c) As a function of zy, the winding number 1(vy,z0) is constant in each of the regions determined by v,
and is zero in the unbounded region.

(d) Let y1 and 72 be two homotopic paths such that there exists a homotopy between them that avoids zg.
Then n(v1,20) = n(vs, 20). Hence the winding number tells us how many times a curve winds about a
chosen point geometrically.

Proof. (a) This follows from part (d) of proposition 3.2.

(b) This is an immediate consequence of Cauchy’s theorem for closed curves (part (a) of theorem 3.7).

(c) Let a and b be two points that lies in the same region determined by +, and suppose that R(a) < R(b).
It suffices to assume that a and b can be connected by a single line segment [ that does not intersect ~, since a
and b can be connected by a polygonal segment in general. Notice the function g(z) := (z —a)/(z —b) admits
values in the nonpositive reals only at [, since g(z) = N for N € Rif and only if z = a/(1—N)—-bN/(1—N),
and the functions 1/(1 — N) and —N/(1 — N) lies in the interval [0, 1] precisely when N < 0.

Hence we can consider Log ((z —a)/(z — b)), with derivative d = (z —a)~! — (z — b)~%. Since 7 does
not meet the line segment [, corollary 3.5 tells us that fv 0 depends only on its endpoints. But v is a closed

1 1
/ dz = / dz.
N2 7z—b

(d) We can assume that 71,72 has domain [0, 1] since line integrals are invariant under a change of
parameter. Let H : [0,1]x[0, 1] — C\{z0} be a homotopy from v, to vy away from zo, and set Hy := H (¢, —).
Define a map ¢ : [0,1] — Z by

curve, implying

1 1

t) = — dz.
wlt) 2m th—zoz

By definition of H, this is a continuous map, and is well-defined as none of H; has z; in its image. Since Z
is discrete, this implies ¢ is a constant, so indeed 7(7y1,0) = n(~2, 20)-
To see the claim on geometrical intuition, by translating zg to 0 it suffices to compute the winding number
for vy, : [0,1] — C, defined by v, (t) = €*™™ for some n > 1. To see this, recall C \ {0} is homotopic to the
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circle, so that 71 (C\ {0}) = Z. Therefore every curve on C\ {z¢} is homotopic to =, for some chosen n. A

computation tells us that
1 [ 2mine2mint
(7 0) = 27i /0 e2mit/n dt =n,

so indeed the winding number tells us how many times a curve winds about a chosen point. |

We are now ready to prove Cauchy’s integral formula, which is one of the most useful computational
formula in complex analysis (the other one being the residue theorem, to be discussed in section 7). A
generalization of this will be given in section 11.

Theorem 4.4 (Cauchy’s integral formula). Suppose f is analytic in an open disk D. Let vy be a closed curve
in D.
(a) For any zo € D not on 7,

" 2rin(y,20) Jo 2 — 0
In particular, if v is a circle C' containing zg and contained in D, then

f(z0) = 1 Mdz.

S 2mi Jo 2 — 2
(b) The above part still holds if we replace D by D', obtained from D by omitting a finite number of points
p; satisfying the condition lim._,, (z — p;)f(2) = 0, and if 2o is chosen such that it is not on v nor
equal to any of the p;’s.

f(zo0) 1 / /(z) dz.

Proof. (a) Consider the function
F(Z) — f(Z) — f(zo)’
zZ— 20
which is analytic away from zg. At zp, it satisfies the condition that lim,_,,,(z — 2z9)F(z) = 0. Hence part
(b) of theorem 3.7 tells us that fv F(z)dz = 0, whence the formula after recalling the definition of (v, zo).
(b) The condition of this part is rigged such that we can use the above argument, but using the assumption
in part (b) of theorem 3.7, to prove the same statement. O

Cauchy’s integral formula is followed with a list of useful results. The first one tells us complex functions
are either not differentiable or smooth, and extends Cauchy’s integral formula.

Theorem 4.5. If [ is an analytic function defined on an open set D, then it is infinitely differentiable. In

particular,
|
ey M)
F (=) 2mi /C (z — zp)nt! z

for any circle C' centered at zy with the region it bounds contained in D. Furthermore, if |f| is bounded by
a positive real M, then |f™ (z)| < n!Mr=", where r is the radius of C as defined above.

To prove this theorem, we use a general lemma.

Lemma 4.6. If ¢ is continuous on an arc vy, then the function
©(¢)
F,(z) := / ———d(
0% (C - Z)n
is analytic in each of the regions determined by v, and its derivative is F) (z) = nF,11(2).

Proof. We first show

m [ 2O g [
(1) zlgleo/y(cz)n(czo)dc_fy(cz)n+1dc

for any integer n > 0 and zp away from ~. Choose ¢; such that z is not on im+ for every |z — zo| < 4.
Then |¢ — 29| > 01 for all ¢ € im~y. By restricting to the smaller disk |z — 29| < 01/2, we see by the triangle
inequality that

01

¢ — 2] > |¢ — 20| — [z — 20| > 5
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for every ¢ € im~. Let € > 0, and choose § > 0 such that 26 fv lp()]|d¢| < 67 2€. If |2 — 29| < 6, then

©(¢) 3 ¢(¢) L ¢(¢)
/7 o m™ / <<—z>"+1d<‘ < |z ==l / €= 2 )
<o = salzz [ WOl

<€,

giving what we wanted. Next we prove F) (z) = nF,+1(z) by induction. Consider the quotient

Fi(z) — Fi(20) :/ e(<) dc

Z =20 v (€=2)(C—20)

Equation 1 tells us that we can take the limit under the integral in the right hand side, so that F{(z) = Fx(z).
Assume now that F,_,(z) = (n — 1)F,(z). Then

Fo(z) = Fa(z) 1 ©(0) B ¢() ©(¢)
c—zm  z-7 </ €1 )™ / (C—Zo)"d<> *A C ()™

Let us take the limit as z tends to zp in the above equality. The first term on the right hand side is then

a () o 2(0)
i, L Tz = ”/7 C— =) (C— )™
— (1= D) Fy(2),

and the second term on the right hand side tends to Fj,+1(2z) by equation 1. Since the left hand side tends
to F!(z) by definition of the derivative, we are done. O

Proof of theorem 4.5. Assuming the explicit formula of f(™)(z), the estimate for | f(™)(zo)| in case |f] < M
is immediate since

! !
L/Ldz <M E g
2mi Jo (2 — zp)H! 21 Jo | (2 — z)"HL
n! 2rrM
< ——)-.
= 21 pntl
Hence it suffices to prove the integral formula of f(™)(z) is true. But this follows by lemma 4.6. O

The second result gives a partial converse to part (a) of theorem 3.7.

Corollary 4.7 (Morera). If f is defined and continuous on an open set D, and if f7 f =0 for all closed
curves 7y in D, then f is analytic in D.

Proof. The hypothesis implies that f“/ f depends only on the endpoints. Hence corollary 3.5 implies f is the
derivative of an analytic function. But theorem 4.5 tells us that f is analytic as well. ]

The third result ensures there are no nontrivial bounded entire functions, and gives us a quick proof of
the fundamental theorem of algebra.

Corollary 4.8 (Liouville). Let f be an entire function.

(a) If f is bounded, then it is constant.
(b) If there exists positive real constants A and B such that |f| < A+ B|z|F for some integer k > 0, then
f is a polynomial of degree at most k.

Proof. (a) Let f be a bounded entire function. Then |f| < M for some real number M, and f’ exists on the
entire plane as well. Theorem 4.5 then tells us that

M
[f'(z0)] < —
r
for every integer zg and any r > 0. This implies f' =0, so f is constant.
9



(b) The base case k = 0 is done in part (a). For the inductive step, consider the entire function

fz) = f(0) .
o= if z e C\ {0},
1'(0) if z=0.

Then the hypothesis on f gives us constants A and B such that |g| < A + B|z|¥~1. By induction g is a
polynomial of degree at most k — 1. Hence f is a polynomial of degree at most k. O

Corollary 4.9 (Fundamental theorem of algebra). Let P(2) = an2™+a,_12" "1 +---+ag be a complex non-
constant polynomial with complex coefficients such that a, # 0. Then P has a complex zero. Consequently,
P can be factored into n linear terms.

Proof. We can assume a,, = 1 by dividing the coefficients. If P(z) had no zeros, then its quotient Q(z) =
1/P(z) will be entire. By Liouville’s theorem it suffices to show that Q(z) is bounded. Since lim,_,o, Q(2) =
0, we can choose § > 0 such that |Q(z) —Q(0)| < 1if |z| > 4. If |2] < J, then Q(%) is bounded as well by the
Heine-Borel theorem, since the image of a compact subset under a continuous map is compact. Thus Q(z)
is bounded on the complex plane, implying P(z) is constant, a contradiction. ([l

Liouville’s theorem is the first of four major regularity theorems we will discuss. The other three are the
maximum modulus principle and Picard’s little and great theorems (see sections 9).

We end this section with an application of Cauchy’s integral theorem that gives us an idea of what
analytic continuations are.

Corollary 4.10 (Schwarz reflection principle). Suppose f is analytic in a connected open set D contained
in either the upper or lower half plane, with the boundary of its closure cl(D) being a segment L on the real
azis. Suppose f(z) is continuous on cl(D), with f(r) real for all v lying on L. Then f can be extended to an
analytic function defined by

/) ifze D,

where D* := {Z : z € D} is the mirror image of D about the real axis, and L’ is the set of points on L having
a neighborhood contained in D U D* U (cl(D) N cl(D*)).

o) im {f(z) ifzeDUL,

Proof. Notice that ¢ is analytic in D as it agrees with f. In fact, g is analytic in D* as well since

9z +h) —9(z) _ JE+h) - [(E)

h h
It remains to show that f is analytic on the line L. The proof goes in exactly the same way as that of lemma
3.9, so we simply give a sketch here. For any closed curve v intersecting L, draw two lines parallel and e-close
to L. Use this to approximate fv f by continuity of f, giving zero. Finish by Morera’s theorem. O

5. THE TAYLOR AND LAURENT SERIES

In this section we introduce power series expansions in complex analytic form. The key to their proof lies
in the following useful observation, which will also be the motivation for our definitions in the next section.

Proposition 5.1. Suppose f is analytic in D’, obtained by omitting a point zg from an open set D. Then
there exists an analytic function in D agreeing with f in D’ if and only if lim,_, ., (z — 20) f(z) = 0. Further-
more, this function is uniquely determined near zy as

1 f(©)

2mt Jo ¢ — 20

dg,

where C' is a circle in  containing zg.

Proof. (=) This is clear, since f is analytic on D’.
(«=) Using part (b) of Cauchy’s integral formula (theorem 4.4), we see that
1 [ f©)
= — d
1) 2w /C (—=z ¢
10




for any circle C' about zp, and for any z # zy. But the right hand side is even analytic and defined at zg
since C avoids zg, so we are done. The uniqueness is clear by Cauchy’s integral theorem. O

We are now ready to prove Taylor’s theorem, which is the basis for the validity of Taylor series.
Theorem 5.2 (Taylor). Let f be analytic in an open set D, and let zo € D. Then we can write

fl Py f// Py f(nfl) Py
£(2) = Flao) + 120 fim) Tk

for any integer n > 0, such that f, is analytic in D with the property that 7 (z0) = n!fn(20). In fact,

R N (C9
#O)= 5 | ™

for any circle C about zy with the region it bounds contained in D, and such that z is contained inside C.

(2= 20)% 4+ (z = 20)" " + fu(2)(2 — 20)"

(z —20) +

Proof. If we apply the previous proposition to the function

F(z) = 122120

considered in the proof of Cauchy’s integral formula (theorem 4.4), then there exists an analytic function f;
which equals F(z) for z # zg, and equals f/(zg) for z = 2¢. In general, by replacing F' by f; and f by f;_1,
we defined analytic functions f,, such that
fn—1(Z) - fn—l(Zo) .
if z # 2,
fulz) = P 7
1l _1(20) if z = zp.
This iteration also tells us that f,—1(2) = fn_1(20) + (2 — 20) fn(2). With this, we get
f(2) = f(z0) + (2 — 20) fi(20) + - + (2 — 20)" * fu1(20) + (2 — 20)™ fu(2).
Differentiating n times gives us £ (zy) = n!f,(20), which proves the Taylor polynomial expansion. Let us

now prove the integral formula of f,,. The case z = 2 follows from theorem 4.5, so it suffices to consider the
case when z # zy. By Cauchy’s integral formula and the Taylor polynomial expansion the we have

fule) = 5 [ 12

L I S YRR G PO Aiied G FYS
g e et (RS COREE L

Note that the basic properties of winding numbers (proposition 4.3) tell us that

1 1 1 1
/C(C—Z)(C—Zo)dg_z—zo/c(c—zC—Zo>d<_0

if z is inside C'. Therefore all derivatives of the function above vanishes inside C', and lemma 4.6 tells us that

1
/c C— ) =0

for each integer k£ > 1. This reduces our Taylor polynomial expansion of f,(z) to what we claimed. O

The expression f,(2)(z — z)" in the above theorem is sometimes called the n'* remainder term. Using
the above theorem, we get the families Taylor series expansion in the complex case, as below.

Corollary 5.3 (Taylor series). Let f be analytic in an open set D, and let zo € D. Then

"(z "(z (n) (4
f(Z):f(ZO)JFf(l!O)(ZfZ())Jrf2(!0)(Z720)2+...+f n(' 0)(2720)"+--~7

and this expansion is valid in the largest open disk centered at zy and contained in D.

Proof. We will make use of the integral formula of f,, in Taylor’s theorem. Let r be the radius of the circle
C, and let M := max{|f(z)| : z € C}. The latter value exists by the Heine-Borel theorem. We obtain the
11



estimate

A

Uﬁu@ﬂz—aﬁ”ﬂ_‘LV—ZdM4K;Kf yEreit

27 zo|" ¢ — 2]
M|z — z|" !
T (r— |z — z0])
Thus the remainder term f,,1(2)(z — 20)" ™! tends to zero as z tends to zq in every disk |z — 29| < 7/ with
r’ < r. We are done after observing that C' can be made as large as f is defined on. |

The Taylor expansion examples that is done in the real case still holds in the complex case, even for the
radius of convergence, so we will not repeat them here.

Taylor’s theorem also implies the following, commonly known as the identity principle. The connectedness
assumption is important as it gives the useful implication that makes this principle deserve some attention.

Corollary 5.4 (Identity Principle). Suppose f is analytic on a connected open set D. Then the following
are equivalent.

(a) f=0onD.
(b) The set Z :={z € D : f(z) =0} has a limit point in D.
(c) There exists zg € D such that f(™(z5) = 0 for every positive integer n.

Proof. That (a) implies (b) is trivial. To see (b) implies (c), let p be a limit point of Z contained in D, and
suppose for contradiction that f*) (p) # 0 for some positive integer p. Then, by applying the Taylor series
expansion centered at p, we see that f(z) = (z — p)*g(z) for some function g that is analytic near p with
g(p) # 0. Hence there exists a neighborhood N about p such that g is nonzero in N, implying f is nonzero
in N\ {p}. This contradicts the assumption that p is a limit point of Z.

Finally, we show (c) implies (a). Letting A := {z € D : f(™(2) = 0 for all positive integers n}, by
assumption A is nonempty. It suffices to show that A is both open and closed, for the connectedness
assumption on D implies A necessarily equals D. Let z5 € A. To see A is open, we do the Taylor series
expansion of f near zg to get
£ (2)

£(2) = Flao) + 120

= f(z0)-
Since D is open, this expansion is valid on an open ball B about zy. Thus f(p) = f(z0) for all p € B,
implying p € A. To see D\ A is open, by definition any ¢ € D\ A has f*)(q) # 0 for some positive integer
k, so f*) is nonzero in a neighborhood of ¢ since f*) is analytic. O

(z —20) +

The identity principle gives us a surprising amount of rigidity on complex analytic functions, because it
tells us that if two differentiable functions agree at a nontrivial open set, then they must agree everywhere.
Furthermore, it tells us that every nonpolynomial function we can think of must not diverge in every direction.
The proof of this is beautiful and uses some corollaries of the main theorems we have discussed.

Proposition 5.5. If f is entire and lim,_,~ f(z) = oo, then f is a polynomial.

Proof. The assumption implies that |f(z)] > 1 as |z] > N for some real number N. This implies every
zero of f lies in the compact set IV, hence there are only finitely many of them by the identity principal as
compactness implies sequential compactness in a metric space. Letting aq, ..., a, be the zeros of f, possibly
with multiplicity, consider the entire function
(o) = ) )
f(z)
For |z| < N, this function is bounded by A = ([[/_, (N + |ay])) /min{|f(2)| : |z] < N}. For |z| > N, this
function is bounded by N™|z|™ since every «; has norm at most N. Therefore
lg(2)] < A+ N"|z]",
12




implying g is a polynomial by Liouville’s theorem (corollary 4.8). But by construction g is nonzero every-
where, implying it must be constant by the fundamental theorem of algebra (corollary 4.9). This implies
what is claimed after a rearrangement. O

To end this section we discuss a related power series expansion called the Laurent series, which holds for
analytic functions defined on an annulus. It is of mild interest since they can be used to compute residues,
which we will explain further in section 7. In the proof of Laurent expansion we will also make use of the
independence of homotopies on an annulus, which can be proven directly, but we defer to a general version
to be proven later in section 11.

Theorem 5.6 (Laurent series). Suppose f is analytic on the annulus &7 = {z : Ry < |z — 29| < Ra} centered
at zg. Then

J&) = Y Aule—z)",

n=—oo

1 [
L IO,
70 J¢—z)=r (C — 20)
with v satisfying Ry < r < Rs. Furthermore, this expansion is unique and valid in <7 .

where A, can be computed as

Proof. Let us fix z € &/, and fix two circles C; and Cs in & with radii r; and ro respectively, such that
Ry < ri <l|z— 2| <ra < Ry. Note that it suffices to consider the case zg = 0, since the general case follows
by translation. Consider the function

w—z
We saw in the proof of theorem 4.4 that F' is analytic in 7, so fC2*CI F(w)dw = 0 by Cauchy’s theorem

(see example 11.5), so
/ f(w) dw = / 1(z) dw = 2mif(z),
Co— Co—

Clw—z Clw—z

where we used an easy winding number computation in the final equality. Hence f(z) = f1(z) + f2(2), where

A= [ Ly =k [ L)

- = - dw.
21 Jo, w— 2 21 Jo, w— 2

On Cs, we see that |w| > |z|, and on C1, we see that |w| < |z|. Hence the Taylor series expansion tells us

that k
1 1 z z
= |14+ =4+ 4+ 4. if 21 C.
I Jwl - z/w) w(er+ Jrw’“+ ) nemon e,
w—2 1 1 w wk e
- T 14+ 24y f .
(0 —w/?) z<+z+ +zk+ ) if z is on Cy

Furthermore, each of the two power series expansions are clearly uniformly convergent. Hence part (g) of
proposition 3.2 tells us that

fi(z) = % ;;) ( o wgﬁi dw) 2k and fa(2) = % ; ( ., f(w)wkdw> ZTler

giving the Laurent expansion. Notice that when computing A,, we made used of C; and C3 on different
occasions. However, by independence of homotopies (example 11.5) we can in fact just choose any circle C
centered at zg and lying in A.

We now show uniqueness of Laurent expansions. Again we assume zg = 0. Consider any Laurent

expansion f(z) =Y 02 a,z". Since it is necessarily uniformly convergent along ~, part (g) of proposition

3.2 again tells us that
f(2) = —k—1
2R dz = E ; an2" dz,

n=-—oo
13




where C' is a circle of radius R as above. Writing C' = {Rew :0 <0 <27}, we see that

Jodz=2mi ifn=k+1,
n—k—1 . ; k1 i(n—k— 27
z dz = i0 n—k—1_i(n—k—1)0
/C (iRe")(R c 7 20 ikt
i(n—k—1) 6=0
Hence a,, = A,,, proving uniqueness. O

One should note that Taylor series and Laurent series expansions are generally not the same. The former
gives an expansion that is valid locally, while the latter attempts to achieve an expansion that is valid on a
large region without analyzing the local behavior.

Example 5.7. A function may have more than one Laurent expansion, but they are necessarily defined on
different annuli by the uniqueness claim in the previous theorem. For example, consider the rational function
1
Z) = ————5.
We do not look for Laurent expansions along the circles |z| = 0 and |z| = 1 as f has zeros over there. As for
the other cases, we use the usual expansion of (1 — x)~! that is valid on |z| < 1 to see that the two annuli
we are loooking for are 0 < |z| < 1 and |z| > 1, with Laurent expansions

1 -1)"

2 1—22—1—-~-+( 2) 4 if 0 < |z] <1,
=147 iy

i 1,i+...+(_1) 4+ if |z] > 1.

23 22 22n+3

This gives two different Laurent expansions on different domains, as we would expect.

6. SINGULARITIES, ZEROS, AND POLES

Definition 6.1. If z; is a zero of f, its order is the positive integer n for which we can expand f as a Taylor
series about zg and write f(z) — f(z0) = (# — a)"gn(#) such that g, (a) # 0.

Definition 6.2. Suppose f is a function analytic in a neighborhood U of 2y, except at zg itself. Then zq is
called an isolated singularity of f. For an isolated singularity, we classify it into three types as follow.

e Say zg is a removable singularity of f if there exists an analytic function defined on U such that f(z) = g(z)
for all z € U\ {z0}. By a slight abuse of notation, we call the value of the extended function at zy to be
f(a).

e Say zg is a pole of f if lim,_,,, f(2) = oo. By proposition 5.1, the nonzero function g(z) = 1/f(z) has a
removable singularity at zg, so we can expand f as a Taylor series about zg and write g(z) = (2 —20)"gn(2)
such g, (z0) # 0. This positive integer n is called the order of the pole zy. If the order of a pole zy equals
one, then it is called a simple pole.

e Say zg is an essential singularity of f if it is neither a removable singularity nor a pole of f.

The undefined point f(co) would be treated as an isolated singularity, and its characterization is determined

by looking at the singularity of g(z) = f(1/2z) at z = 0.

Definition 6.3. A function that is analytic in an open set except for poles is said to be meromorphic.
We can detect the characterization of each isolated singularity using the proposition below.

Proposition 6.4. Let zg be a point on the region an analytic function f is defined on.
(a) zo is a removable singularity if lim,_, ., (z — 29) f(z) = 0.
(b) Suppose there exists a positive integer n such that
00 if a <mn,
lim |(z — 20)|¥|f(2)| =10 if a >n,
Z—20
finite if a =n.
If n =0, then f is analytic but nonzero at zy. If n is negative, then zy is a zero of f. If n is positive,

then 2y is a pole of f. This positive integer n gives the order of zg in case zy is a zero or a pole.
14



(¢) zo is an essential singularity if im,_,., |(z — 20)|%|f(2)]| is finite and nonzero for every real number a.

Proof. (a) This is the content of proposition 5.1.

(b) The claim for n = 0 is clear, so we assume n # 0. If n < 0, we expand f about zg (corollary 5.3)
to get f(z) = (2 — 20)"g(%), where g(z9) # 0. If n > 0, we expand f about zy to get (z — 20)" f(2) = g(z),
where g(z9) # 0. The respective claims are now clear.

(c) This follows directly from the previous part. O

Essential singularities are in general complicated to understand, and the following theorem tells us why.

Theorem 6.5 (Casorati-Weierstrass). Suppose zg is an essential singularity of an analytic function f, and
let U be a neighborhood of zg. Then the set f(U \ {z0}) is dense in the complex plane.

Proof. If not, there exists a complex number ¢ such that |f(z) —¢| > 0 for some § > 0, and for all z € U \ 2.
Hence lim, ., |z — 20| 7! f(2) — ¢| = o0, and zq is not an essential singularity of f. Hence proposition 6.4
tells us that lim,,,, |z — 20|%|f(2) — ¢| = 0 for some real number . Aslim,_,,, |z — z0|%c = 0, the triangle
inequality implies lim,_, ., |z — z0|*|f(2)| = 0, so zp is not an essential singularity of f, a contradiction. [

The Casorati-Weierstrass has a much stronger form, known as the great Picard theorem, which we will
discuss in section 9. For now, we move on to generalizing the two Cauchy theorems.

7. RESIDUES

The residue theorem is an extremely useful computational formula, the other one being Cauchy’s integral
formula generalized in the previous section.

Definition 7.1. The residue of f at an isolated singularity zo is defined to be
Res;, f(2) == %/Cf,
where C is a small circle centered at zy and containing no other singularities in the region it bounds.
There is no general way to compute residues for essential singularities. However, there are two useful
ways to compute residues in case our point is not an essential singularity.
Proposition 7.2. Let zg be an isolated singularity of f.

(a) The residue of a zero at f equals zero.

(b) If we consider the Laurent expansion f =Y.
Res,, f(z) = A_1.

(c) If zo is a pole of order k for f, then

o0
n=—oo

An(z — 20)™ in a deleted neighborhood of zg, then

k-1
Res., f(2) = ﬁ ZILHQO (jzkl ((z - Zo)kf(z))) :

In particular, if zo is a simple pole, then Res,, f(z) = (z — z0) f(20).-

Proof. (a) This is clear from Cauchy’s theorem on closed curves.

(b) This is immediate from theorem 5.6 by considering R; = 0.

(c) The Laurent expansion about zo in this case is >~ , A, (z — 29)". Therefore the coefficient of
(z — 20)*1in (2 — 20)¥ f(2) is A_;. Hence the result follows from part (b) after differentiation. O

With the definition of a residue set up, we are now ready to state the residue theorem. The proof is
almost tautological, and its importance lies in its applications.

Definition 7.3. A cycle « in an open set D is homologous to zero with respect to D if the winding number
n(7, z0) = 0 for all zy in the complement of D.

Theorem 7.4 (Residue theorem). Let f be analytic in an open set D except for isolated singularities z;.

Then
/ =0, 25) Ress, £(2)
v i

for any cycle v which is homologous to zero in D and avoid each z;.
15
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Proof. We first assume there are only finitely many isolated singularities z;. Note that v homologous to zero
in D implies that ), n(7, 2;)C; is homologous to zero in D as well, where C; is any small circle centered at
z; and containing no other singularities in the region it bounds. Hence, by definition,

1 1
5mi |7 = 27”.;nw,m/@fzgnmzj)ﬁeszj e

In the general case where there are possibly infinitely many isolated singularities, we need to show that there
are only finitely many of them with nonzero winding number with respect to . This is because the set
of all points p with 7n(v,p) = 0 is open and contains all points outside of a large enough circle. Hence its
complement is a closed and bounded set, implying compactness by the Heine-Borel theorem. Since every
point ¢ has a neighborhood containing no other isolated singularities by definition, this implies 1(vy,q) # 0
for finitely many such ¢’s, as desired. ]

Residues calculus is an art. We compute two examples — see books like [4] for a lot more examples.

Example 7.5. Consider the meromorphic function
e

&)= —ae—y
which has simple poles at a and b if a # b, and a pole of order two at a if a = b. In the former case we see

that Res, f(z) = e%/(a — b) and Res;, f(z) = €/(b— a). In the latter case we use part (c) of proposition 7.2
to see that

z

Hence, if we integrate along a circle C' that encloses both a and b, then

et —eP\
/f= 2m(a—b> if a # b,
C

2mie? if a=0a.

Example 7.6. We can use the residue theorem to help us compute real integrals. For example, let us show

that
<V ™

dx = .
o l+a2 V2
In order to compute this integral, consider closed curve C' below.

X

Let the inner and outer semicircle of radii » and R on the curve be C; and C5 respectively. Observe that

Vi Vi
\/Ezdz—i- \/E2dz: \/2 \/2
L11+Z L21+Z 7R1+l r 1+l

r %log(—l) R
_/ eidl —I—/ idl
r 14102 , 1412

dl

R _—7i/2 R
:/ ei\/de Vi
. 1412 » 1412
= (1—|—e_m/2) \/22 z,
L21+Z
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so this integral only depends on the length of Ly. Also observe that
\/EQd < 27r7"\/277 \/Ezdz‘ < 27TR\/§.
011+Z 1+’I" 021“‘2 1+R
Hence, as r tends to 0 and R tends to co, we see the line integrals along C; and Cs tends to zero. On the
other hand, after noting n(C, —i) = —1, the residue theorem tells us that

1 —m/4i
— vz dz = — lim (z +1) vz _ ¢ —,
210 Jo 1+ 22 Z——i 1+ 22 2i
which is independent of r and R. Hence, letting » — 0 and R — oo, we have

(1 + e—m‘/z) ¥ VB 2w/t
o 1+ a:2 2i ’

giving us the desired computation after rearranging.

and

As we can see, much care must be taken when computing integrals using the residue theorem. In
particular, we always specify a branch, construct a closed curve that lies entirely in the branch, and compute
the winding number of the closed curve we integrate on (which will usually be either 1 or —1).

Let us now give another application of the residue theorem to count zeros and poles.

Theorem 7.7 (Argument principle). Suppose f is meromorphic in an open set D with zeros a; and poles
b of orders 3; and py, respectively. Then

27TZ Zé]ﬂ ’%a'] Zpkn(%bk)
k

for every cycle v which is homologous to zero in D and avoids each of the zeros and poles.
Proof. For each aj, let us write its Taylor series expansion there as f(z) = (2 — a)% g, (2) with g, (a;) # 0.
A computation tells us that f'(z) = 3;(z — a)¥~'gq,(2) + (z — a)¥ g, (2), so
f'(z) _ 4 + 91/17(2)
&) -4 g0
Since the second term on the right hand side is analytic near a;, we see that

o1
2m/ dz = 3;m(v,a;).

T o y 2= aj

Doing the same Taylor series expansion with the poles, we have f(z) = (z — a) " Prgp, (2) with gp, (b) # 0O
and f'(z) = —p;(z —a) P gy, (2) + (2 — a)? g, (). Thus we have a same formula as above, except with a
negative sign due to our expansion. The theorem follows from the residue theorem (theorem 7.4). O

The argument principle allows us to give three theoretical applications. The first application tells us we
can define single-valued branches of the logarithm and n!"-zero functions given a sufficiently nice open set.

Corollary 7.8 (Existence of single-valued branches). Let f be analytic and nonzero in a connected and
simply-connected open set D. Then we can define single-valued analytic branches of log f and {/f on D.

Proof. Indeed, the argument principle implies f7 1’/ f is zero for every closed curve in D (recall closed curves

in a connected and simply-connected open set are always homologous to zero). Hence corollary 3.5 gives us
the existence of an analytic function F in D with F’ = f’/f. Considering g(z) := f(2)e~F*), we see that

J(2) = f'(z)e " — f(2)F'(2)e7 7@ =0,
so in fact g is a constant. Thus we can choose any point zg € D and any value log f(z0), and we will get
f(z) = f(ZO)efF(ZO)eF(z) — F()=F(20)+log f(20)

Hence we can define log f and {/f = exp (X log f) on D as

log /(=) = F(2) - F(z0) +log f(20)  and  {/F(2) = exp( )

17
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which are certainly single-valued branches on D. O

The second application tells us how zeros of analytic functions behave locally.

Corollary 7.9. Let f be analytic with an isolated zero at zy. Let C' : I — C be a counterclockwise circle
about zy with the open disk D it bounds contained in the domain of definition of f, and such that zy is the
only zero of f in C of order n.

(a) For any p,q € D, we have that n(f o C, f(p)) =n(foC, f(q)). Consequently, the equations f(z) = f(p)
and f(z) = f(q) both has n zeros, counted with multiplicity.
(b) There exists a neighborhood N of f(zo) such that the equation f(z) = p has exactly n zeros in D for all

p € N\{f(z0)}.

Proof. (a) Since D is connected, its image under f is still connected. Hence f(p) and f(q) lies in the same
connected component determined by fo C, so n(foC, f(p)) =n(foC, f(q)) by part (c) of proposition 4.3.
The second assertion follows by the argument principle, since

G (eI} 4 )
/cf<z>—f<p>d / o0t — )™
1
:/foczf(P)dZ
=n(foC, f(p))
)

=n(foC,f(q)

B /foC z *1 (Q)
“J “523

it

(b) Part (a) asserts f(z) = p has n zeros counted with rnultlphmty. We need to show each of the n zeros
are distinct. To do this, by Taylor expansion (corollary 5.3) it suffices to find a disk D’ about zy such that
f'(p) #0for all p e D'\ {20}. As f is nonconstant (else zy is not an isolated zero), such a disk D’ exists by
the identity principle (corollary 5.4). O

(1)
@™

The third application gives another nice property of complex functions, that if it is injective then its
derivative vanishes nowhere. This is certainly not true in the real case, an easy example being the cubic
curve y = 3. This fact will be important later when we study conformal mappings in section 10.

Corollary 7.10 (Nonvanishing derivatives of analytic functions). Let f be a injective analytic function on
an open set D.

(a) For every zo € D, necessarily f'(z9) # 0. Conversely, if f' vanishes nowhere, then for every zo € D
there exists a neighborhood U, of zy such that zo is the only zero of the equation f(z) = f(z0).
(b) The inverse f=1: f(D) — D of f has derivative (f=1)(2) = 1/f'(f~%(2)) for each z € f(D).

Proof. (a) Suppose f'(zg) = 0 for some zg € D, and consider g(z) := f(z) — f(z0). Note that the zeros of
g are discrete by the identity principle (corollary 5.4) since g is injective, hence nonconstant. Thus we can
assume zg is the only zero of g by restricting to an appropriate domain D’ C D. By considering the Taylor
expansion of f near zgp, we see that zq is a zero of g of order k > 1. Part (b) of the previous corollary then
tells us that there exists a point p € f(D) such that f(z) = p has k > 1 distinct zeros. This implies f is not
injective.

Conversely, suppose that for every zy € D and every neighborhood U, of zy there exists a zero of
f(2) = f(20) other than z;. Then we can find a sequence of complex numbers in D that converges to zy and
such that their value under f equals f(zp). This implies f is constant by the identity principle (corollary
5.4), contradicting the assumption that f’ vanishes nowhere.
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(b) Simply do the chain rule to get 1 = id’y D)(z) (Fof=Y(2)=f'(f~%2)(f~1)(2). As f’ vanishes
nowhere by the part (a), we can divide by f’(f~!(z)) throughout to get what we want. O

To conclude this section, we give an application of the argument principle on comparing the zeros of
analytic functions.

Corollary 7.11 (Rouche’s theorem). Let v be homologous to zero in an open set D and such that

1 if z is a zero of f enclosed by 7,
n(v,z) = ‘
0 otherwise.

Suppose [ and g are both analytic in D and satisfy the inequality | f(z) — g(2)| < |f(2)| on . Then f and g
have the same number of zeros enclosed by 7y, counted with multiplicity.

Proof. Notice the assumption implies f and g have no poles in D, and furthermore the inequality assumption
implies f and g must not have any zeros on 7. So we can write g = (¢/f)f, implying

/gﬁz/ Wff+-Wfo:/ (9/1) /f’
v 9 5 9 ~ 9/f
If we can show the first integral on the right hand side is zero, then we are done by the argument principle

(theorem 7.7). By the inequality assumption g/f also satisfies the inequality
9(2)

NG
on v, implying the values of g/ f on =y are contained in the open unit disk centered at 1. Let v = v3 4+ -+ y,,
where some of the 7;’s may be equal to each other, and let ; : [a;, 8;] — C be the curve. Then a computation

tells us that
((g/f) o) (t)vi(t)
Lgm ZA (howm »

zz/ Lae
i—1 7 (g9/f)ovi z

= Zn((g/f) o, 2)

:O7

<1

where the last equality is because (g/f) o v; is contained in the open unit disk centered at 1, hence having
the origin in the unbounded region (see part (c) of proposition 4.3). We are done. |

The most common test using Rouche’s theorem is to find the number of zeros of a polynomial inside a
closed disk, which we demonstrate using an example.

Example 7.12 (Zeros of polynomials). Consider the complex polynomial z'® — 27 + 422 — 1. Let us show
that it has exactly two zeros inside the open unit disk centered at the origin. To see this, we use the unit
circle as our closed curve, and let f = 422 and g = 20 — 27 + 422 — 1. Then f — g = 2! — 27 — 1, and we

aim to show that |f — g| < |f| = 4. But
1210 — 27 — 1 < 2[4 2| +1 =3,

which is certainly less than 4. Hence 2'9 — 27 4+ 422 — 1 has the same number of zeros as 422 in the open
unit disk by Rouche’s theorem counted up to multiplicity, which is two. Alternatively, we could have just
used the triangle inequality to conclude.

In fact, by using the same f and g, we can show 219 — 27 + 422 — 1 has two zeros inside the open disk
centered at the origin of radius \8/4/73 In particular, it has two zeros on the closed unit disk centered at
the origin. To see this, we consider z = re*® for r > 1. Then, in order to fulfill the assumptions of Rouche’s
theorem, it suffices to have 3r'° < 472, which gives us what we want.
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8. THE MAXIMUM MODULUS PRINCIPLE

In this section we will discuss our section regularity theorem in complex analysis, called the maximum
modulus principle. Like the section on Cauchy’s integral formula (section 4), this is followed by a list of
useful corollaries.

Theorem 8.1 (Maximum modulus principle). If f is analytic and nonconstant in a connected open set D,
then its absolute value |f| has no local mazimum in D, i.e. for each zy € D, there is no neighborhood N of
zo such that |f(z0)| > |f(2)| for all z € N.

Proof. Fix zy € D, and fix a neighborhood N of zy. Let C' be a circle in D centered at zy and contained in
H, and let r be the radius of C. Parametrizing C by {zy +re? : 0 < # < 2r}, Cauchy’s integral formula
(theorem 4.4) tells us that
o= gy [t
7w Jo (20 +1re?) — 2
1 27

= — f(z0 + re?)ad,
27 J,
and we see that r can be chosen independently. Therefore |f(z)| < max{|f(z + re?|: 0 < 6 < 27} for
each r. We aim to show at least one of these is a strict inequality. If all of these were an equality, then the
integral above tells us that |f| would be constant on each circle C' centered at zp and contained in N. This
implies f is constant throughout D by the identity principle (corollary 5.4). We get a contradiction as f is
nonconstant by assumption. O

We now list three corollaries of the maximum modulus principle.

Corollary 8.2 (Minimum modulus principle). If f is analytic and nonconstant in a connected open set D,
then no points of D is a relative minimum of f unless f(z) = 0.

Proof. This follows directly from the maximum modulus principle by considering 1/f locally about a point
in D that is not a zero of f. ]

Corollary 8.3 (Open mapping theorem). Let D be a connected open set. A nonconstant analytic function
f: D— C maps open sets onto open sets.

Proof. We need to show that if f is nonconstant and analytic at zg, then there exists an open disk D
containing zo such that f(D) contains an open disk centered at zo. By translation it suffices to let f(zp) = 0.
The identity principle (corollary 5.4) tells us that there exists a circle C' about zo with f(z) # 0 for every
z € C, else we will be able to find a sequence converging to zyp with images under f identically zero. Letting
D be the open disk that C bounds, we will show that f(D) contains the ball B.(f(z9)) about f(zp), where
2¢ = min{|f(2)| : z € C}.

Let w € B.(f(z20)). Then the triangle inequality tells us that

[f(2) —w[ = [f(2)] = [w| > €
for each z € C, and at f(zp) we have
|f(20) —w| = | —w| <e
This implies |f(z) —w| is in f(D)\ f(C). If we consider the map ¢ : cI(D) — R by g(z) = |f(2) — w]|, then
it is continuous by the continuity of f and the triangle inequality. Since cl(D) is compact, im g is closed and
bounded by the Heine-Borel theorem, so the least upper bound property ensures im g has a minimum (this
is also called the extreme value theorem). Our argument above tells us that the minimum is achieved away

from f(C'), so the minimum modulus principle tells us that |f(m) — w| = 0 for some m € D. This implies
w = f(m), so Be(f(20)) C f(D), as desired. O

Corollary 8.4 (Schwarz’s lemma). Suppose f satisfies the following three conditions:
o f is analytic on the open disk D = {z : |z| < 1},

o [f(2) <1,

. () =0,
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Then |f(2)] < |z| and |f'(0)] < 1. Equality holds in either of these two inequalities for some zy € D if and
only if f(z) = €z for some real constant 0.

Proof. Consider the function
JE) 0 <2 <,

z
f(0) if z=0.
This function is analytic by proposition 5.1, and |g(z)| = | f(2)|/|z| < 1/r on the circle of radius r. Letting
r tend to 1 and applying the maximum modulus principle (theorem 8.1) on D, we see that |g| < 1 on cl(D).
This proves the desired inequalities. Now suppose |g(zo)| = 1 for some zg € D. By the maximum modulus

principle again g is constant of modulus 1, implying f(z) = €?z for some # € R. The converse of this claim
is clear. 0

Schwarz’s lemma, together with Schwarz’s reflection principle (corollary 4.10), will be used when we
study important classes of conformal maps in section 10.

In this section we study Phragmén-Lindelof theorem, which generalizes maximum modulus principle. For
motivation, let us note that maximum modulus principle implies the following.

Corollary 8.5. Let f be continuous on an open set D.

(a) If [ is analytic on a bounded connected open subset D' of D with cl(D') C D, then the mazimum
modulus of f lies on the boundary OD’.

(b) Suppose D is connected. If there are two real constants My and My such that |f| < My for all z € 9D
and |f| < My for all z € D, then in fact |f| < My for all z € D.

Proof. (a) Since cl D’ is compact and bounded, the image set f(cl(D’)) is closed and bounded as well. Hence
f(cl(D")) has a maximum modulus by the extreme value theorem (see the proof of corollary 8.3). By the
maximum modulus principle, this maximum modulus must lie on the boundary 9D’ if f is nonconstant on
D’. Tf | f| is constant on D’with value ¢, then continuity on D ensures f(d') = ¢ for any d’ € dD’, so the
conclusion still holds.

(b) We may assume f is not constant, else the result is clearly true. Thus, after diving f by a constant,
we can let M7 = 1. We may also assume D is not bounded, since the other case follows from the next part
of this corollary. Fixing some a € D, we will once again consider the function

ooy o 1) =)

z—a
After defining g(a) using proposition 5.1, this function is analytic throughout D. Since |f| is bounded in the
unbounded D, we see that ¢ — 0 as z — co. Hence, by the same argument as the one used in proving the
fundamental theorem of algebra (corollary 4.9), we see that |g| < K for some real constant K.

Let us set h = f~g for any positive integer N, and let Dg := {z € D : |z| < R}. Since g tends to 0 as z
tends to infinity, we are able to choose Ry large enough such that |h| < K along 0Dy for each R > Ry. By
varying R, we can use corollary 8.5 to conclude |h| < K for every point in D as well. For each zyp € D that
is not a zero of g, we can write

K |UN

Letting N tend to infinity, we see |f(z0)] < 1. As for the zeros of g, note that, since we assumed f is
nonconstant, the identity principle (corollary 5.4) assures us that they must be discrete. Hence continuity
tells us that |f| < 1 at every zero as well, so |f| < 1 throughout D. O

The above corollary does not hold if we do not assume D’ were unbounded, or if we do not assume any
boundedness conditions in the interior of D. For example, the exponential function e is analytic on the
entire plane, therefore on the right half plane H, := {z € C : R(z) > 0}. It admits the constant modulus
1 on the boundary of H,, but this is certainly not the maximum modulus on cl H,.. However, if we give
ourselves some boundedness conditions, we are able to give stronger maximum-modulus-like results. Before
that, it is convenient to introduce the following definitions.

Definition 8.6. Say a function f is C-analytic in D if it is analytic in the connected open set D and
continuous in some larger open set D’ containing cl(D).
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Definition 8.7. For a connected open set D, define

9. D — 0 (cl(D)) if D is bounded,
o {oc} U (cI(D)) if D is unbounded.

An important point to note is that 0., D does not equal 9D if D is unbounded.

Lemma 8.8. Let f be C-analytic in D. Suppose there exists a real constant K satisfying the property that
limsup,_,, |f(2)] < M for all a € 0o D. Then |f| < M throughout D.

Proof. Let Ds = {z € D : |f(2)] > M + 6} for any § > 0. We need to show that Ds = ). Suppose for
contradiction that this is not the case. As |f]| is continuous, this implies Dy is open in D. Furthermore, the
points p on 9 (cl(Djs)) must have |f(p)| = M + 4, so in fact cl(Ds) C D and is bounded, implying cl(Ds) is
compact by the Heine-Borel theorem. Clearly f is analytic on Dy as well. Thus |f(z)] < M + § on Ds by
the previous corollary, contradiction the definition of Ds. O

Theorem 8.9 (Phragmén-Lindelof). Let D be a connected and simply-connected open set with OsD equal
to the disjoint union of exactly two connected components A and B (where {oo} is considered a connected
component). Suppose there are C-analytic functions f and ¢ on D satisfying the following conditions:

e o never vanishes and satisfies || < K for some positive real constant K,
e there is a real constant M such that for every a € A and b € B and N € Ry,
limsup |f(2)| < M and limsup | £(2)||(2)|Y < M.
z—b

z—a

Then |f| < M throughout D.

Proof. As D is connected and simply-connected, corollary 7.8 tells us that we can define a single-valued
branch of log ¢ on D. Thus we can define g(z) = exp(N log ¢(z)) for any chosen ) > 0, which is analytic on
D and satisfies |g| = |p|Y < K. Define the analytic function F : D — C by

F(2) = f(2)g(z) K"
Note that |F| < |f| by definition of g, and that |F| = |f||g]N K~ = |f||¢|Y K~~. By the assumptions on
f, we see that |F| < max{M, K~ M} using the previous lemma. This gives

1f] < lol ™ KN max{M, KN M} = || N max{K" M, M},
50, as || # 0, we get the desired result after letting N — 0%. |

The above version of the Phragmén-Lindel6f theorem is found in chapter VI, theorem 4.1 of [3], and is
the most general one out of all the sources cited in the bibliography. It gives rise to the following corollary,
which subsumes results in other complex analysis books. In particular, the case k = 1 for part (b) of this
next corollary is usually called the Phragmén-Lindel6f theorem, instead of the general one above.

Corollary 8.10. Suppose f is C-analytic in D, and let M be a real constant.

(a) Suppose D = {z € C: |arg(z)| < w/(2k)} for k > 1/2. Also suppose |f(z)| < M for every z lying on
the rays 0 = {z € C: |arg(z)| = 7/(2k)}, and suppose that there exists a real constant A and 1 € (0, k)
satisfying |f(2)| < Aexp(|z|') for z € D with |z| sufficiently large. Then |f| < M throughout D.

(b) Suppose D = {z € C: |arg(z)| < w/(2k)} for k > 1/2. Also suppose |f(z)] < M for every z lying on
the rays 0 = {z € C : |arg(z)| = 7/(2k)}, and suppose that for every e > 0 there exists a real constant
A, satisfying | f(2)| < Acexp(e|z|¥) for z € D with |z| sufficiently large. Then |f| < M throughout D.

(c) Suppose D ={z€ C:—a/2 <argz < a/2} for some fired 0 < a < 2. Suppose |f| < M on 0D, and
suppose that for every e > 0 there exists a real constant A, satisfying | f(2)| < A exp(e|z|™/®) for z € D
with |z| sufficiently large. Then |f| < M throughout D.

Proof. (a) Choose m € (I, k), and let p(z) = exp(—2z"). We are done if we can verify the assumptions for
the Phragmén-Lindel6f theorem for this choice of ¢. Clearly 0., D is the disjoint union of two connected
components, with one of them the point at infinity. Also, ¢ never vanishes. If we write z = |z|e?® using
Euler’s formula, we see that |p(z)| = exp(—|z|™ cosmf) < 1, since on D we have

O<p::cos%<cosm9§1.

22



Next, continuity of f certainly tells us that limsup,_,, |f(2)| < M for all a € 9, and
1F(2)le(2)|Y < Aexp(|z]' — |2|™N cosmb)
< Aexp|z|™(|z'™™ — N cosm#)
< Aexplz[™(|z""™ = Np).

Asl—m < 0 and N, p are constants, we see at once that limsup,_, . |f(2)||¢(z)|Y =0 < M. This verifies
all the assumptions in the Phragmén-Lindelof theorem.

(b) Define the analytic function F' : D — C by F(z) = f(2)exp(—§2z*), where § > 0 is arbitrary and
fixed. Choosing € € (0,0), we see that

|F(x)] < Acexp ((e — 5)zk)

for any positive real z. As e — § < 0, by letting £ — oo we see that |F(x)| — 0. Hence the positive real
number M; := sup{|F(x)| : € Ry} exists and is finite. Let My := max{M, M;}, and define
D+::{ZGD:O<argz<£} and D+:={z€D:—l<argz<O}.
2k 2k
Letting 04 := 9(cl(D4)) and 0_ := 9(cl(D-)), it is clear that limsup,_,; |f(2)] < Mz for any b € 4 U O_.
By doing an angle rotation of d; and 0_ to the region {z € C : |arg(z)| < w/(4k)}, part (a) then implies
that |F| < My throughout D.

We now show that My = M. If not, then necessarily My = M; > M, so |F| assumes a maximum
value on Rsg, implying F is constant by the maximum modulus principle (theorem 8.1). This implies
f(z) = cexp(62F) for some constant ¢, contradicting the boundedness of f along 0. Now, the equality
My = M implies |f(2)| < M|exp(62*)|. As M is independent of &, we are done by letting § — 0.

(c) After normalization it suffices to assume M = 1. Consider the function ¢ defined on the right
half plane H, = {z € C : R(z) > 0} by g(z) := f(2*/7). Then |g(z)] < 1 on the imaginary axis, and
l9(2)] = | f(z2/™)| < Acexp (e(|2|™/*)*/™) = Acel?|| so we are done by applying part (b) in case k =1. O

There are many more Phragmén-Lindelof-like theorems that can be shown using theorem 8.9. For ex-
ample, one more will be given in the next section as a lemma in our discussion on convexity. To end this
section, we demonstrate how to get some Liouville-like results using the above corollary.

Corollary 8.11. Let f be a non-constant entire function.

(a) There exists a curve along which f approaches infinity.
(b) Suppose that for each € > 0 there exists a real constant A, satisfying |f(z)| < AcecV* throughout the
complex plane. Then f is unbounded on every ray through the origin.

Proof. (a) Let us consider T} := {z € C : |f(2)| > 1}. From here we consider any connected component
Sy of T1, which is open by continuity of f. The boundary 9(cl(S)) of cl(S) is contained in the boundary
of cI(T). Hence [f(b)] > 1 for all d(cl(S)) by continuity of f, and in fact |f(b) = 1 for it not to be in the
interior. Therefore f is unbounded on Sy, else f(cl(S7)) is bounded by the Heine-Borel theorem, so part (a)
of corollary 8.5 will tell us |f| <1 on Si, a contradiction.

From here, iteratively choose Ty 11 = {2z € S : |f(2)| > k+ 1} and Sk41 a connected component of Ty .
Notice Tk41 is nonempty by unboundedness of f along Sj the properties of S; still holds for Si41. Hence
we have a decreasing sequence S; D Sz D - -, and we are done by constructing a curve along this decreasing
sequence of open sets.

(b) Suppose f were bounded on a ray R. Then part (c) of the previous corollary, with o = 27 and f
appropriately normalized, tells us that f is also bounded on C\R. Liouville’s theorem (corollary 4.8) would
then tells us that f is constant, contradicting our assumption. (|

9. THE PICARD THEOREMS

We'll just state the theorems here and not bother with the proofs. See [3] for a reference.

Theorem 9.1 (Little Picard). If f is an entire function that omits more than one value on the complex
plane, then f is a constant.
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Theorem 9.2 (Great Picard). Suppose f is an analytic function with an essential singularity at zo. Let N
be any neighborhood of zy inside the domain of f. Then f assumes values at each complex number, with at
most one exception, an infinite number of times in N.

10. CONFORMAL MAPS

Definition 10.1. An analytic function f : Dy — Dy is k-to-1 if the equation f(z) = d has k roots for
every d € Do, counted up to multiplicity. If f is an injective analytic function, then it is called a conformal
mapping. Two connected open sets D1 and Dy are conformally equivalent if there exists a bijective analytic
function f between them.

The rest of this section studies why we define conformal mappings in this way, and more importantly
prove the Riemann mapping theorem. Before that, let us say what conformality actually means.

Definition 10.2. A function f defined in a neighborhood of zy is conformal at zg if f preserves angles
there. In more detail, if C; and C5 are curves intersecting at zg and locally smooth at zp, then the angle of
the tangents at C7 and Cs at zg is equal to the that of f o Cy and f o Cs at f(zo).

The proposition below explains our definition of conformal mappings.

Proposition 10.3. Suppose f is analytic at zg. Let k := min{m € Z : f("™)(z) # 0}.

(a) If f'(z0) # 0, then f is conformal and locally injective at zg.

(b) Suppose f'(z0) = 0 and f is nonconstant. Then f magnifies angles at zo by a factor of k, and f is a
k-to-1 mapping in some sufficiently small open set containing zg.

Proof. (a) Let z(t) = z(t) + iy(t) be a smooth curve at zg = z(typ). Then the angle of inclination to the
positive real axis is given by arg z’(¢g). By the chain rule, we have
arg(f o z)'(to) = arg f'(2(to)) - #'(to)
= arg f'(z0) + arg 2’ (to),

where the last equality follows by Euler’s formula and the fact that f’(z9) # 0. Thus the function f adds
the angle of inclination of any curve through zg by the constant arg f’(zp), implyting conformality at z.

Next we show f is locally injective at zy. Since f is analytic and f’ is nonconstant as f'(zg) # 0, this
implies g(z) := f(z) — f(z0) is analytic and nonconstant at zg as well. Hence the zeros of ¢ are isolated by
the identity principle (corollary 5.4). Furthermore, by a Taylor series expansion of f at zp, we see that zj is
a zero of order one for g. Hence f is locally injective by part (b) of corollary 7.9.

(b) In this case, the Taylor series of f in a small disk about zy tells us that f(z) = (z — 29)*g(z), where
g is analytic and g(zo) # 0. By corollary 7.8, the function {/g is defined and analytic in this small disk.
Hence, letting h(z) := (2 — 2z0) ¥/g(2), it is clear that f(z) = z¥ o h(z). Now, h'(20) # 0, wo h is conformal
and locally injective at zo. Thus, as h(zg) = 0, it remains to see that the analytic function z + z* magnifies

angles at 0 by a factor of k, and is a k-to-1 mapping. But these two claims are all clear, the former using
Euler’s formula, and the latter using the fundamental theorem of algebra (corollary 4.9). O

After explaining the definition of a conformal mapping, the main goal of this section is to understand
the Riemann mapping theorem. It will be very related to the important special mappings discussed in the
next section.

Theorem 10.4 (Riemann mapping theorem). Let G be a connected and simply-connected open set that is
not the whole complex plane. Then G is conformally equivalent to the open disk D := int(D?). Furthermore,
for any g € G there exists a bijective analytic function o : G— D such that a(g) =0 and &/(g) € Rp.

Before proving this, let us look at one theoretical example and an application. We start by doing an
example that is reminiscent of a corollary of the Phragmén-Lindel6f theorem (corollary 8.10).

Example 10.5. Suppose f is injective and analytic on the right half plane H,. = {z € C: R(z) > 0}, such

that f(H,) C H, and f fixes a point p. Then |f'(p)| < 1. Indeed, the Riemann mapping theorem gives us

the existence of a bijective analytic function « : H. — I such that a(p) = 0 and o/(p) € Rsg, so we can
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consider the analytic function a o f o a™! : D — D that fixed 0. This function satisfies the conditions of
Schwarz’s lemma (corollary 8.4), so we see that

1> |(@ofoa™Y(0)

— o ((foa™)(0) - ' (@~'(0)) - (™) (0)]
=o' (F) - ' ®)] - (™) (0)
= o' (p)- (@ Y(0)- |7 )
— 170l

where the second last equality is by assumption that f fixes p, and the last equality is by corollary 7.10.
Notice that we can actually replace H, by any connected and simply connected open set in this example.

(a™

The corollary below is another criterion for us to analytically continue functions at removable singularities.

Corollary 10.6. Let D be a connected open set and let zg € D. Suppose that there is an analytic function f :
D\ {20} — C such that its image set S is bounded. Then f has a removable singularity at zo. Furthermore,
if [ is injective, then f(zy) € 0S.

Proof. Choose an open disk D’ centered at zg and contained in D. The Riemann mapping theorem gives us
a bijective analytic function o : D’ — D such that a(zp) = 0, so we can consider the map g := aoa~to f
from D’ to C. This map agrees with f at D'\ {20}, so we define the analytic continuation by setting

_Jglz) ifzeD,
f(z)_{f(z) it 2e D\ D

Note that im f is bounded, so by continuity f(zo) is defined. As before we write f(zo) to be the value of 2y at
this analytic continuation. If f is injective, then f(zg) ¢ S, but continuity forces us to have f(zp) € 9S. O

As a quick application of the above corollary, notice that there is no bijective analytic function f from a
punctured disk Dpyn. to an annulus A. Else this corollary gives us a homeomorphism from a simply connected
space to a space with nontrivial fundamental group, contradicting the fact that homotopy equivalent spaces
have isomorphic fundamental groups.

11. INTERPRETING CAUCHY’S THEOREMS TOPOLOGICALLY
To consider the general form of Cauchy’s theorem, we need hint on what singular homology is.

Definition 11.1. A cycle is a formal sum v = a1y + - - - + anYyn, Where each a; are positive integers, and

the ~y; are pairwise different closed curves in an open set D. The word different in the previous definition is

in the sense that ; # —v; for all 7, j, and that fv- f# fy f for at least one function f. The integral of such
i j

a cycle is defined by
/ = Zai
v i=1

Observe that any cycle 7 in a connected and simply connected open set D satisfies 1(+y, z0) = 0 for all
zo not in D. The general form of Cauchy’s theorem describes cycles of this form. Recall that a cycle v in
an open set D is homologous to zero with respect to D if n(~,z9) = 0 for all zg in the complement of D
(Definition 7.3).

Theorem 11.2 (Generalized Cauchy). If f is analytic in an open set D, then f,y f =0 for every cycle ~
which is homologous to zero in D.

Let us note how this immediately generalized Cauchy’s integral formula

Theorem 11.3 (Generalized Cauchy’s integral formula). If f is analytic in an open set D, then

_ 1 f(2)
f(ZO) B 2’“—“7(’)/320) 2 ZOd

for every cycle v which is homologous to zero in D.
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Proof. The proof proceeds as before, but with some minor changes. Define, as before,
plo) o 1) = o)
zZ— 20
This is analytic away from zg, and by proposition 5.1 we can analytically extend F' to zg in a unique way.
Hence F is defined on D, and the generalized Cauchy’s theorem on closed curves implies f,y F = 0. This
gives the formula after rearranging. O

Example 11.4. Let D be a simply-connected region. If f is analytic in D, then it is clear that f,y f=0for
all cycles v in D by the generalized Cauchy’s theorem.

Example 11.5 (Independence of Homotopies). The generalized Cauchy’s theorem tells us that line integrals
on analytic functions are independent of homotopies in the domain of definition, even for multiply-connected
spaces (i.e. spaces that are not simply connected). For example, suppose f is analytic on an annulus inner
and outer circles of radii r and R respectively. Let 1 and —v, be two circles in the annulus, where the minus
sign indicates the opposite orientation. Then the generalized Cauchy’s theorem tells us that f%_w f=0

(implicitly using proposition 4.3 here), so in fact f% f= f,m f.
We now prove the generalized Cauchy’s theorem, following section 4.5 of [1] closely.

Proof of theorem 11.2. It suffices to assume that the open set D is bounded, since if it is unbounded then we
can simply consider a bounded subspace containing . Let us cover the plane by a net of squares with sides
of length §, and let D5 be the union of the squares in the interior int(D) of D. We choose ¢ > 0 sufficiently
small such that there is at least one square that is int(D), and that  is in the interior of Ds. Let S be one
of the squares that makes up Ds. Then Cauchy’s integral formula (theorem 4.4) and Cauchy’s theorem on
rectangles (lemma 3.9) tells us that

BRI dcz{f(Z) if = € int(D),

21t Jos ¢ — 2 0 otherwise.

Hence, by adding up along all the squares making up Ds, we see that
1 f(©)
= d
)= g [, =56

where Bg is the boundary of Ds. Hence

/f /(Qm/ f(_ozd4>
/Bé<2m/<_ dz) ¢)dg.

where the order of integration can be reversed as the integrand is continuous in both integration variables.
Hence inside integral in the final expression above equals —n(v,(). It remains to show this equals zero.
Indeed, as « is contained in int(D) and { € Bjs, there exists a path starting at ¢ and ending at a point in
the complement of D such that the path does not intersect . Hence we are done by applying part (b) of
proposition 4.3 to each closed curve of ~. O

Let us end this section by remarking that definition 7.3 comes from the idea of singular homology. Recall
that the group C, (D) of singular n-chains is defined to be the free abelian group on continuous chain maps
o: A" — D, where A™ := [v1,...,v,] is the standard n-simplex. The differential from Cs(D) to Cy(D) is
defined to be

0o = 0|[v2,v3] - O|[v1,v3] + U|[v1,'u2]7
which induces an orientation on the boundary of A? to make do an oriented closed curve, as drawn below.

U3

U1 V2
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Continuing the idea of proposition 4.3, we observe the following proposition, which will not be needed for
the rest of the notes. Our proof elaborates on the proof of proposition 1.9.13 in [2], and is fairly similar to
the proof of the generalized Cauchy’s theorem.

Proposition 11.6. Let K :=im (CQ(D) 9, Ch (D)) Then a chain v is homologous to zero if and only if
it s in K.
Proof. (<) Clearly, every element in K is homologous to zero as a continuous map is nullhomotopic if and
only if its domain is contractible. In particular, the image of a singular 2-chain is contractible in D, so the
bounded region it determines do not contain any element in the complement of D. Then use par (c) of
proposition 4.3 to conclude.

(=) We want to show that every cycle ~ that is homologous to zero is in K. By part (d) of proposition
4.3 and the fact that every closed curve can be locally approximated by a polygonal curve, we can assume
every curve in « can be thought of as an element ; ¢v5 in C1(D), where v; is either a horizontal or vertical

segment. In particular, by letting a1,...,®, and j31,..., 3, be increasing sequences of real numbers, v; can
be assumed to be of the form [a;, oj41] X {B;} or {a;} x [8;,5+1] when viewed in the real plane.
We now consider the rectangles R; i, := [a, ajq1] X [Bk, Be+1], and pick one z; ; in the interior of R j.

Consider the 1-cycle
Yapproz = Y 17 %100 (Rjp).
3.k

To see this is the boundary of the 2-chain 3, n(v,z;k)Rjk, we need to show that if R;x ¢ D then
n(7, zjx) = 0. But this is true by part (b) of proposition 4.3.

Finally, we need to show that v,pproz = 7, thus showing that v is in K. Write v — Yappros = Zj n;oj,
where n; are integers and o; are horizontal or vertical segments lying on the boundaries of R, with pairwise
disjoint interiors. Inductively, we want to show that v., := v — Yappros + nq)a(RjO,kO) is zero for some chosen
index ¢ such that d(Rj, x,) shares the edge o, with another neighboring rectangle R, x, with z;, , in its
interior. The picture to have in mind is drawn below.

leJﬁ Zj1,k1 Oco . Rj(),ko

Zjo,ko

By definition of v4pprox, €dges of v that is not shared between more than two rectangles R; j will be cancelled
out by Yapproz, S0 each o; is shared between at least two of R; ;. Notice that n(y —Yapproz, 2j,x) = 0 as either
zj 1 were already in the unbounded regions determined by both v and Yapproz, OF ¥ — Yapproz allowed this to
happen. Also notice that 7(0(Rjy ko )s Zjo.ke) = 1 trivially as O(Rj, x,) is homotopic to a circle centered at
Zjo.ko- Hence n(Yeq, Zjo.ko) = 0. Similarly, 7(0(Rjy ko), 21,k ) = 0 since it is outside of the region bounded
by O(Rjy,ko)s S0 M(Veos Zj1,k:) = 0. Furthermore, 7., does not contain any multiple of the line segment o,
since the term nc,0¢, i ¥ — Yapproz cancels the term —n., o, in O(Rj, k,). Therefore there is a path from
Zj, k1 1O Zjo ko that does not intersect v, implying n., = 0 by part (b) of proposition 4.3. We are done. [
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